ON CLASSIFICATION OF FINITE DIMENSIONAL SUPERBIALGEBRAS 

AND HOPF SUPERALGEBRAS 



SAID AISSAOUI AND ABDENACER MAKHLOUF 



Abstract. The aim of this paper is to investigate finite dimensional superbialgebras and 
Hopf superalgebras for which we provide a classification in dimension n with n < 4 and 
compute automorphisms groups. Moreover, we study connected superbialgebras. 



Introduction 

Hopf superalgebras are a generalization of the supergroup notion. In physics, infinite- 
dimensional Hopf superalgebras based on Lie superalgebras turn out to be related to the 
integrablc S-matrix of the AdS/CFT correspondence. For a large class of finite-dimensional 
Lie superalgebras (including the classical simple ones) a Lie supergroup associated to the al- 
gebra is defined by fixing the Hopf superalgebra of functions on the supergroup [39] , This 
framework seems to be interesting for studying supermanifolds and supersymmetry. Majid 
showed that the theory of Lie superalgebras and Hopf superalgebras can be reduced to the 
classical case using the bosonization by KZ/2 (35]. Recently some classes of Hopf superalge- 
bras were investigated like for example pointed Hopf superalgebras and quasitriangular Hopf 
superalgebras [31 [TH] . So far very few is known about general classification of superbialge- 
bra and Hopf superalgebras. Nevertheless, classification of finite dimensional Hopf algebras is 
known for small dimension and structure of many classes are deeply studied, see for example 

In this paper, we discuss properties of n-dimensional superbialgebras and describe them 
in dimensions 2, 3 and 4. Moreover we compute their automorphisms groups and derive a 
classification of Hopf superalgebras for these dimensions. 

The paper is organized as follows. Section [1] reviews definitions and properties of superbial- 
gebras and Hopf superalgebras. In Section we describe the algebraic variety structure of set 
of ?i-dimensional superbialgebras. To this end, an n-dimensional superbialgebra is identified 
with its structure constants with respect to a fixed basis. The axioms lead to a system of poly- 
nomial equations. The corresponding algebraic variety is embedded in the algebraic variety 
K 3n +2n . The set of superbialgebras with antipode defines the algebraic subvariety of Hopf 
superalgebras. In Section^ we focus on trivial and connected superbialgebras. We character- 
ize connected superbialgebras and classify connected 2-dimensional superbialgebras and Hopf 
superalgebras. The last two sections, Section @] and [5] deal respectively with classification of 
3 and 4-dimensional superbialgebras and Hopf superalgebras. We emphasize on non trivial 
superbialgebras, from which we derive the Hopf superalgebras. We provide the classification of 
3-dimensional superalgebras and use the 4-dimensional classification due to Armour, Chen and 
Zhang [7j. 

Throughout this paper, we work over K, an algebraically closed field of characteristic zero. 
Unless otherwise specified, we will denote the multiplication by fi or dot, and the unit element 
by 77(1) = e± = e\ = 1. For simplicity, we will use just product (or multiplication), unit, counit 
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and coproduct (or comultiplication) in the sense of even morphism, (i.e. we will drop the suffix 
'super'). We also would like to mention that in the last section, most of the results are obtained 
by using the Computer algebra system Mathcmatica. The program we have used is available. 

1. Definitions and Examples of Superbialgebras and Hopf superalgebras 

In this section, we summarize definitions and properties of superbialgebras and Hopf super- 
algebras. For more details, we refer to [51 1TB]. 

1.1. Superspaces and Superspaces morphisms. Let K be a commutative field of charac- 
teristic 0. A superspace A is a K-vector space endowed with a Z/2Z-graduation, in other 
words, it writes as a direct sum of two vector spaces A = Aq © A\ such as Aq is the even part 
and A\ is the odd part. The elements of Aq (resp. A\) are called even homogeneous (resp. odd 
homogeneous ). If a G Aq, we set \a\ = deg(a) = and if a S A\, \a\ = deg(a) = 1. We call 
Aq part of degree or the even part and A\ the part of degree 1 or odd part. Note that some 
autors denote the dimension of A by i\j, such that i = uq and j = rii, where no = dimAo and 
Hi = dim^i. But for us, in this paper we preserve this notation for the superalgebra obtained 
by the ith algebras. 

Let B be a subspace of A. We say that B is a sub-superspace of A if B = B © Bi such 
that B = B n A and B x = B n A 1 . Furthermore, A/B = (A/B) © (A/B) 1 such that 
(A/B) = A /B and (A/B) 1 = A 1 /B 1 . 

Example 1.1. Any vector space on IK is a superspace whose odd part is reduced to 0. 

Example 1.2. A tensor product of two superspaces A and B, A®B, is also a superspace 
A® B = {A® B) © (A © B)i such as 

[A © B) = {Aq © B ) © {Ax © B x ) and {A © B) x = {A © B x ) © [A x © B ). 
Example 1.3. |18| The dual A* of a superspace A = Aq © A\ admits a natural superspace 
structure A* = Aq ®A*, where A* is isomorphic to a set of linear maps from Ai to K, i = 0, 1. 

Definition 1.4. Let A and B be two superspaces, a superspace morphism f : A — > B is a 

linear map such that f{Ai) C Bi, i = 0, 1. 

Remark 1.5. A superspace morphism is also called a homogeneous map of degree 0. A homo- 
geneous map / : A — » B of degree 1 is a linear map satisfying f(Ai) C £?i+i, i = 0, 1. 

Example 1.6. A map r : A® B — >■ B © A, a©6n> r(a © b) = (— l)\ a W b \b © a is a superspace 
morphism which is flip. 

Lemma 1.7. If f : A B is a superspace morphism then its dual f* : B* — > A* is also a 
superspace morphism. The map f* has the following properties : 



1.2. Superalgebras. 

Definition 1.8. A superalgebra is a triple {A, ^t,?y) where A is a superspace, 

fi : A® A — > A (multiplication or product) andrj : K — > A (unit) are two superspace morphisms 

satisfying 




f*®g*. 



A/*, {fog)* =g*of*. 



(1.1) 
(1.2) 



/i o (p © idA) 
I^Lo-q® idA 



u o {idA © m) (associativity), 
fioidA®i] (unity). 
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Conditions and (|1.2p may be expressed by the commutativity of the following diagrams 

A ® A ig> A ld ®^ > A® A A® A 



fj,(g)id 



A® A- 



A 




where : A — > K ® A and ^4 — > ^4 ® K are natural isomorphisms. 
The unit r\ is generated by rj(l). 

Now, let's give some examples of superalgebras (A = Aq A\). 

Example 1.9. Every algebra is a superalgebra whose odd part is reduced to {0}. 

Example 1.10. If A = C then A is a superalgebra over R, Aq = R; Ai = Ri. 



Example 1.11. A = 



A = 



( 1 

10 

10 

V 1 




a 

a d 

c 6 

& 

/ 1 

10 



V 



, a, 6, c, d £ 



is a 4- dimensional superalgebra with 



( 

1 



V 



, A x = K 
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Example 1.12. A = K [x,?/] / (a; 2 ,?/ 2 ) is a 4- dimensional superalgebra with 
A = K © K (x + y) ® fey; Ai = K (z - y) . 

Example 1.13. A = Ma(K) is a 4- dimensional superalgebra such that 

w(; ;)«(; jj), j)e«(; ; 

A superalgebra A is called commutative if the product satisfies pr = /i where r is a flip. 
In other words, for all homogeneous elements a, b £ A, fi{a ® b) = (— l)' a " b '/x(6 (g> a). It may be 
expressed by the following commutative diagram 




Definition 1.14. Let (A, ha,t]a); (B, (J-b,Vb) be two superalgebras. A map f : A 
superalgebra morphism if it is a superspace morphism satisfying 

fo^ A = pL B of®f and f <g> r\ A = r\ B - 

The previous conditions are equivalent to the commutativity of these diagrams 



B is a 



A ®A^^A 



A 



f 



D 



f®f 
B ® B ■ 




B 



K 
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Example 1.15. A tensor product A ® B of two superalgebras (A,(j,a,iia) an d {B, (ib, Vb) is 
also a superalgebra with product fJ,A<sB and unit tja^b such that 

(1.3) t L A®B = (ma® Ms) o (idA®T (glide), 

(1-4) Va®b = Va^Vb- 

Definition 1.16. Let (A,u,rf) be a superalgebra, I be a sub- super space of A. We say that I is 
a super-ideal of A if it satisfies fj,(I <E> A) C I and u(A <g> I) C I. 

1.3. Supercoalgebras. 

Definition 1.17. A supercoalgebra is a triple (C, A,e) where C is a superspace such that 
A : C — > C (x) C (comultiplication or coproduct) and e : C — > K (counit) are two superspace 
morphisms satisfying 

(1.5) (A (g) idc) o A = (idc ® A) o A (coassociativity), 

(1.6) (e ® zdc) ° A = (irfp^eJoA (counity). 

In terms of diagrams, conditions (|1.5|) and (|1.6[) are equivalent to the following commutative 
diagrams 

C ^C0C C(gC 




C ®C ^(7®C0C K®C A C(g>K 




C 



Wc use the Sweedleer's notation for the coproduct, we set for all x G C 

A{x) =Y,x {1) ®x {2) , 

(x) 

(id (g> A) o A(x) = (A (g) id) o A(i) = ^] ® x (2) (g x (3) . 

(x) 

The counit property may be expressed as Y^(x) ^(x^)x^ = Yl(x) x^ 1 'e(x^ 2 ') = x. A supercoal- 
gebra C is said to be cocommutative if the comultiplication satisfies 

Mx G C, A(x) = ® x {2) = Y,(-l) ]xWllxl2)] x (2) ® 

(x) (x) 

The cocommutativity is expressed in terms of diagram as 

C ®C —^C ®C 




C 



Example 1.18. A tensor product A®B of two supercoalgebras (A, Aa, £a) and (B, Ab,£b) 
is also a supercoalgebra with Aa®b a coproduct and £a®b a, counit such that 

(1.7) A a ®b = {id A ®T®id B )°{A A ®A B ); 

(1.8) £a®b = £a£b- 
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Definition 1.19. Let (A, Aa,£a), (B, Ab,£b) be two supercoalgebras. The map 

f : (A,A a ,£a) -> (B,A B ,e B ) 
is a supercoalgebra morphism if it is a superspace morphism and satisfying 
(1.9) /<& fo A A = A B of ande B of = e A - 

That is in terms of diagrams 

A^^A®A A^-^-B 

f 

B ^B®B K 

Definition 1.20. Let (A,A,e) be a supercoalgebra, we define a super- coideal as a sub- 
superspace J C C such that A (J) C J®C + C® J and e(J) = 0. 

1.4. Duality. We study the duality between superalgebra and supercoalgebra structures. 
Proposition 1.21. If(A,A,e) is a supercoalgebra then (A*,A*,e) is a superalgebra. 
Proof. The product u = A* is defined from A* ® A* to A* by 

(fg)(x) = A*(f,g)(x) = (A(x)J®g) = (f ® g)(A(x)) ^/(^js^), Vx e A, 

0*0 

where (•, •) is the natural pairing between the superspace A® A and its dual superspace. For 
f,g,h£ A* and x £ A, we have 

(fg)id*(h)(x) = ((A ® id) o A (a), f®g®h), 

and 

id*(f)(gh)(x) = ((id <g> A) o A(a;), f®g®h). 

So the associativity /jo(/j® id* — id* ® /j) = follows from thecoassociativity 
(A <g) id - id ® A) o A = 0. 

Moreover, if e is a counit satisfying (id (g) e) o A = id = (e ® id) o A then for f £ A* and x e A 
we have 

(£/)(*) = X!e(^ (1) )/(^ (2) ) = E/( £ (* (1) > (2) ) = 

(x) (x) 

and 

(/ £ )(x) = ^ /(sC 1 ))^)) = J] f(x^e(x^)) = f(id(x)) 

(x) (x) 

which shows that e is the unit in A* . □ 

The dual of a superalgebra (A, n,rj) is not always a supercoalgebra, because the coproduct 
does not land in the good space: a* : A* — > (A <g> A)* D A* ® A*. Nevertheless, it is the case if 
the superalgebra is finite dimensional, since (A (g) A)* = A* ® A* . 

In the general case, for any superalgebra (A,fj,,r]), define 

A° = {f e A* , f(L) = for some cofinite ideal I of A}, 

where a cofinite ideal L is an ideal I C A such that A/ 1 is finite dimensional. 

A° is a sub-superpace of A* since it is closed under multiplication by scalars and the sum of 
two elements of A° is again in A° since the intersection of two cofinite ideals is again a cofinite 
ideal. If A is finite dimensional, of course A° = A*. 




= id*(f)(x), 
= id*(f)(x), 



(i 
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Lemma 1.22. Let A and B be two superalgebras and f : A — > B be a superalgebra morphism. 
Then the dual map f* : B* -)■ A* satisfies f*(B°) C A". 

Proof. Let J be a cofinite ideal of B and p : B — > B / J be the canonical map. Set / = p o / : 
A -> B/J. 

Observe that/ -1 (J) is an ideal of A. Indeed, for a; £ A we have /(x/ 1 (J)) ~ f (x) f (f 1 (J)) — 
f(x)J C J. Therefore xf-\J) C /"V)- Also id A (f-\J)) = f~\id B (J)) = /^(J)- 

We have the following exact sequence — > f~ l (J) A A f?/J — > 0. Define a map 
/* : A/f' 1 ^) -> S/J by /*(x+/ -1 (J)) = /(a;). It induces an isomorphism A//" 1 (J) -4 Jm/. 
Hence A/ f~ l (J) is finite dimensional. 

Likewise, we have f C A°. Indeed, let b* € £?* such that fcer(6*) D J. Then 
ker(f*(b*)) D /-!(J), since < /*(&*), /"V) >=< b*,f(f-\J)) >=< 6*, J >= 0. □ 

Using this lemma one may prove that A ® A = (A ® A)° and the dual /i* : A* -4 (A ® A)* 
of the multiplication fi : A ® A A satisfies ci°®i°. Indeed, for f <E A* , x,y € A, 

we have (//*(/), x® y) = (/, xy). So if / is a cofinite ideal such that /(/) = 0, then J® A + A®/ 
is a cofinite ideal of A ® A which vanish on 

Theorem 1.23. Lei (A,//, 77) 6e a superalgebra. Then its finite dual is provided with a struc- 
ture of supercocoalgebra (A°,A.,e), where A = /i° = fi*\ A ° and e : A — > IK is defined by 
s(f) = f(l A ). 

Proof. The coproduct A is defined from A° to A° ® A° by 

A(/)(x<g>y) = fi*\ A °(f)(x®y) = (ji(x®y),f) = f(xy), x,y e A. 
For /, g, h S A and x, y £ A, we have 

(A o id ) o A(f)(x (g> y <g> z) = (/i o (fj, ® id)(x <g> y (g) z), /} 

and 

(id° o A) o A(/)(x ® y ® z) = {[j, o (id ® jj,)(x ® y ® z), f). 

So the coassociativity (A<g>id° — id°®A)oA = follows from the associativity /i o (/j ® id — id ® /j) = 0. 
And the unit ?y satisfying /i o (id ® 77) = id = \i o (77 <g> id) then for / G A° and igAwe have 

(e ® id) o A(/)(x) = f(l A ■ x) = f(id(x)) = id°(f)(x) 

and 

(id ® e) o A(/)(x) = /(a: • 1 A ) = /(W(x)) = id°(f)(x), 
which shows that s : A° -4 IK, / n> /(l) is the counit in A°. □ 

1.5. Superbialgebras and Hopf superalgebras. Now, wc consider a supcrbialgcbra struc- 
ture which is obtained by combining superalgebras and supercoalgebras. Moreover, if a supcr- 
bialgebra has a anti-superbialgebra morphism satisfying some conditions, it is called a Hopf 
superalgebra structure. 

Definition 1.24. A superbialgebra is a tuple (A, /x, r), A, e), where (A,fj,,rf) is a superalgebra 
and (A, A, e) is a supercoalgebra such that one of these two equivalent compatibility conditions 
hold: 

(1) A : A —> A® A and e : A — > K are superalgebra morphisms, 

(2) /x : A ® A — > A and rj : K — > A are supercoalgebra morphisms. 
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In other words, A ( resp. e) satisfies the following compatibility condition 
(1.10) Ao/i=(/i»/i)o (id A <g> t <g> id A ) o (A ® A), A o rj = r\ (g> r\. 

(resp. eo/i = /i K o(£8e), eo r\ = id K ), 
where u% is the multiplication of K. 

The last condition in (11.10|) says that the unit e\ = rj(l) of the superbialgcbra is a group-like 
element A(e?) = e? ® e?. 



Remark 1.25. Note that if (A = Ao © Ai, /it, 77, A, e) be a superbialgebra with 77(1) = e\ a unit 
element, then we have 

e(Ai) = and e(e?) = 1. 
Indeed, if e : A — > K is a superspace morphism and K is a superspace such that its odd part 
is 0, then e send the odd part of A to odd part of K which is 0. For the second assertion, if 
A is a superbialgebra then e is a superalgebra morphism and it send the unit elementt of A to 
unit element of K. 

If A and B are two superbialgcbras over K, we shall call a superspace morphism / :4->Ba 
superbialgebra morphism if it is both a superalgebra morphism and a supcrcoalgebra mor- 
phism. If B is a sub-supcrspace of A such that B is a sub-supcralgebra and a sub-supercoalgebra, 
then B is referred to be a sub-superbialgebra. 

Definition 1.26. A super-bi-ideal of a superbialgebra is an ideal of the underlying superal- 
gebra and coideal of the underlying supercoalgebra. 

Definition 1.27. A Hopf superalgebra is a superbialgebra admitting an antipode, that is a 
superspace morphism S : A — > A which satisfies the following condition : 

(1.11) fj, o (S 1 (gi id a) A = fi o (idA 55 S) o A = rj o e. 

A Hopf superalgebra is given by a tuple H = (A, /z, 77, A, e, S). 

Condition (jl.lip can be expressed by the the following commutative diagram 

A 

A / X. A 




A® A 

n v 
The antipode has the following properties: 
Proposition 1.28. Let (A,u,r],A,e,S) be a Hopf superalgebra and S its antipode. Then 

(1) So[l = flOTo(S(E) S), 

(2) Son = n; 

(3) eoS = e, 

(4) ro(S®S)oA = AoS, 

(5) If A is commutative or cocommutative then SoS = id where id : A — > A is the identity 
morphism. 

See [U HH1 E3! for the proofs. 
Remark 1.29. UM 
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(1) If the antipode S of the Hopf superalgebra A, with A as comultiplication, is bijective 
then A is also a Hopf superalgebra, with the opposite comultiplication A =toA and 
the opposite antipode S = S^ 1 . 

(2) All finite dimensional Hopf supcralgcbras possess bijective antipodes. 

Example 1.30. |18j The universal enveloping U(g) of a Lie superalgebra g has a structure of 
cocommutative Hopf superalgebra with commultiplication defined as, 

A(x) = i®l + l®a;,Vieg, 

counit 

e(l) = 1, e(x) = 0, Vie q, 

and antipode 

S(x) = —x, \fx G fj. 

We extend these definitions to all elements of U (fl) by linearity and compatibility condition. 
Note that r o A = A and S 2 = id. 

Example 1.31. [18) The construction of quantum double introduced by Drinfeld allows to con- 
struct a new Hopf superalgebra from two fixed Hopf superalgebras. Let {A, fx a, t)a, A ^4, ea, Sa) 
and (B, /j,b,t]b,Ab,£b, Sb) be two Hopf superalgebras over C with invertible antipodes. 
Let if : B ® A — > C be a superspace morphisms from tensor product Hopf superalgebra B ® A 
to complex field C satisfying 

<p(bb <g> a) = 5^(-l)l 6 'll°wl«p(6 <g> a (1) )(p(b g> a (2) ), 

(a) 

ip{b®aa) = ® o> ) c pQ>2 ® a), 

lb) 

(p(l ® a) = e(a) and ip(b (g> 1) = e(b), 
v(b®S{a)) = y(5 _1 (6) ®a), 

for all homogeneous elements a, a £4 and b,b eB. 

One constructs from A and B a new Hopf superalgebra V(A ® B) such that 

(1) V(A ® B) = A® B as superspace, 

(2) the comultiplication A-£>(a®.b) °f T>(A <g> B) is given by 

Ap(XgiB) = (idyl ® t ® ic?s)(A J 4 (g) A s ), 

(3) the counit £t>(a®b) is the tensor product of counities of A and B. 

£-D(A®B) = £A <8> £B, 

(4) the unit tit>(a®b) *' s the tensor product of unities of A andB. 

r)T>(A®B) =Va®Vb, 

(5) the multiplication lit>(a®b) ?s defined by the two following formulas: 

(a®l)(l®6) = a® b, 

(lg)6)(a®l) = ^ (-l) c ^(S , (6(i ) ) 8>0(i))^(6(3) ®a (3) )a (2) ® b (2) , 

(a), (6) 

w/iere C = |a(i)||&(2)| + a (2)||&(2)| + l a (i)l|k(3) + l a (2)||k(3) an d a £ A, b e B are 
homogeneous, 

(6) the map a — > a ® 1 (resp. b — > l®b) from A to T>(A ® B) (Vesp. i? to 2?(A ®B)j zs 
an injective morphism of Hopf superalgebras. 
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This last point allows us to identify a to a®\ for a £ A and b to \ ®b for b G B, and then ab 
to a®b. Let {ai)i^i (resp. (bi)i£i) be the basis of A (resp. B), with I is the set of indices dual 
forip, i.e. ip(bj®a,i) = 5ij. Then, the element ^2 i ai®bi is a universal R-matrix for T>{A® B), 
provided this Hopf superalgebra . 

Remark 1.32. Some superalgcbras can't carry a supcrbialgcbra structure. For example A = 
M%(K) is a superalgebra with matrix multiplication and such that the even part is Aq = 
Kel ® K e% and the odd part is A\ = K e\ © Kej, where 



' 1 



1 o _ / 1 x _ ( 1 x _ ( 

o ii' e2 ~lo oi' 6l ~lo o J ' 62 ~ I 1 



It turns out that A — M-x (K) hasn't a supcrbialgebra structure. 

Indeed, the compatibility condition between the counit e and the product e(fi(x ig) y)) — 
e(x)e(y) isn't always satisfied, since in one hand we have 

e(u(e\ ® el)) = e{e%) = 0, because e{e\) = e{e\) = 0, 

and in the other hand 

e(p(<4® e{)) = e(e? - e°) = 0. 
Then sfe®) = 1, which leads to a contradiction. 

2. Algebraic variety of superbialgebras and Hopf superalgebras 

An n-dimensional superbialgebra (resp. a Hopf superalgebra) is identified to its structure 
constants with respect to a fixed basis. It turns out that the axioms translate to a polynomial 
equations system which define the algebraic variety of n-dimensional superbialgebras, denoted 
by GrBialg n and embedded into K 2n o+ 6 ™o™i+™o-i _ Solving the system leads to the classification 
in dimension 2, 3 and 4. 

Let (A, [i, n, A, e) be an n-dimensional superbialgebra, where n = no + n\ such that no is 
even part dimension and n\ odd part dimension. 

Let {e?}, where s = 0, 1; i = l,...,n s , be a basis of A. We identify the product a and 
the coproduct A with their 2nf, + 6no?i 2 + no — 1 structure constants s )(j t) an< ^ ^u'l)^ 
respectively, where 

n r 

Kef ® ej) = J2 C (i,s)(j,t)4 with r = (t + s)mod[2], 



fe=i 



A ( e ') = E E E (i'.i) j ® 4 with * = (/ + S )mod[2]. 

s=0 j=l fe=l 

The counit e is identified with its no structure constants £® where 

( ($ if Z = and i 7^ 1, 
e(e\) = I if I = 1, 

[l if I = and i = 1. 

The collection (C* s)(j . t) , L>[^ )(fc) , #) with s,t,k = 0,l;l= (s + t)mod[2],*,p = 1, . . . ,n s , j = 
l,...,nt represents a superbialgebra if the product, the coproduct, the unit and the counit 
satisfy (|1.1|) . (|1.2p . Q1.5P and Q1.6p . which translate to the following polynomial equations: 
The associativity and unit condition translate respectively to 

™(s + t)mod[2] »(t+»)mod[2] 

(2-1) C( fe i, s )(j,t)^'(fe,(s+t)mod[2])(/i,m) ~ E ^(^t)(fc,m)^(i,s)(fc,(t+m)mod[2]) = ®' 

k=l k=l 
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where (s, k, m) = {0, l} 3 , i = 1, . . . , n s , j = 1, . . . ,nt, ft = 1, . . . ,n m , 
( 2 - 2 ) C {i,o)U,t) = C V,t)(i,o) = 

( 2 - 3 ) ^1,0)0',*) = C (i,t)(i,o) = °' where fc ^ 3, t = 0, 1; j = 1, • • • ,nt, fc = 1, • . . , n t . 
The coassociativity and counit condition translate to 

n s ™(! + s)mod[2] ( 

(2.4) E^^&T^^ E ^w) )(fc) ^(K)L d[2]) = o. 

3=1 fc=l 

if (it, m, w, (m+s)mod[2], fc, i) ^ (j, s,p,n , g, (n +Z+s)mod[2]); (s, l,m,n ) = {0, l} 4 , z = , . . . , n;; 

= 1, ■ • ■ , n( s+ i)mod[2]; U = 1, • . . , n m , W = 1, . . . , fl( m + s )mod[2]) j = ^, ■ ■ ■ , n s, P = 1, •■•,«„' , 
9 = 1> 71 (?i'+i+s)mod[2]' 

Tl s ™(I + s)mod[2] 

(2.5) y^w^™)^- y D^^ufrW H[9 u = o, 

3=1 k=l 

n s n s 

(2-6) E^( ( l1 (fe) = > ^3, E^(lf fe) = 1 ' s 0,1;*,,- ' 

fc=l k=l 

The compatibility condition between product and coproduct (resp. counit) becomes 



(2.7) 

>(.+m)modp] ™ m ' "( m '+t)mod[2] 

V V r» r™ nHW/it"'" 1 )! 11 ) 

°(ti,m)(u',m') Ly (t..(s+m)mod[2])(t)'.(m'+t)mod[2])^(i.s) (j,*) 



«=1 « =1 «'=1 l/=l 

= o, 



™(t + S )mod[2] 

( 2 ' 8 ) E C (\s)b\*)^(fc!(s+t)mod[2]) = °> 



fc=l 



if (ft, (m + m' )mod [2], n',(m + m + < + s)mod[2]) ^ (hp,l,q, (I + 1 + s)mod[2]), 
(s,t,m,m',l) e {0, l} 5 , i = l,...,n s ; j = 1,.. .,n t! ft = 1, • . . ,n (m+m ' )mod[2] , 

P=l,...,ril, q = 1, . .., ™(Z+s+i)mod[2]- 
no no 

(2.9) E C (li)0M)^ = °> E C (iMm$ = $ = X > whcrCi = 1, • • • , no, J = 1, • • • , no. 
fe=i fc=i 

The system of polynomial conditions endows the set of n-dimcnsional supcrbialgcbras, de- 
noted by GrBialg n , with a structure of an algebraic variety embedded in a natural algebraic 
variety K 2 "o +6,lo "i + " 0_1 over K. 

Supcrbialgcbras, which are provided with an antipodc define the set of n-dimcnsional Hopf 
superalgebras. If the antipode S is defined as 5(e|) = J2k=i ^% s) e fc> tnen * ne condition p. lip 
translates to the following polynomial equations: 
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1 n s rl (l + s)mod[2] n a 

(2.10) mi X] C (u,s)(k,(l+s)mod[2])) D (i',l) h A 0» = °i 

S=0j=l fc=l 11=1 

1 « a n (l + a)mod[2] M s 

( 2 -H) XX X! X C '(i,s)(«',(l+s)mod[2]))- D (i,l) \Ml+s)mod[2]) = °) 

8=0 j=l fe=l u ' = l 

where i,/c,fc =l,...,ni, 

1 n s n s n s 

s =o i=i fe=i u=i 

1 n s n s n s 
s=0 3=1 fc=l „' = i 

where i = 1, . . . , no; fc = 2, . . . , no, fc = 2, . . . , no, 

1 n s n s n s 
s=0 j'=l fc=l u=l 
1 n s n s n s 
s=0 j = l fe=l „' = i 

where i = 1, . . . ,n , 0) = 5i k , k = l,...,n . 

Therefore, n-dimensional Hopf superalgebras define an algebraic variety, denoted by GrHopfalg, 
which is imbedded in K 2n o+ 6n » n i+ n o- 1 . 

We define the action of a sub linear group L, L = Lq®L\, where Lq is isomorphic to GL no (K), 
and L\ is isomorphic to GL ni (K), on GrBialg ni the algebraic variety of n-dimcnsional supcr- 
bialgcbras, by ^ X , J T l a ^ n ~ * rBia g n ^ . ^ ^ x,y € A 

(/ ■ m) (^®2y) = .r 1 ("(/(^)®/(2/))), 

(/•a) (x) = .r i ®.r 1 (A(/(x))), 

(/• £ ) (x)=e(f(x)). 

Moreover, L acts similarly on GrHopfalg n , the algebraic variety of n-dimensional Hopf super- 
algebras. The action on the antipode id defined by / • S = / _1 o S o f. The superbialgebras 
(resp. Hopf superalgebras) orbit of H describes its isomorphism class. It is characterized by 
9 (H) = {/ • H, f e L}. The stabilizer of if is: stab(H) = {/ e L : f-H = H}. It corresponds 
to the automorphisms of H. We have dim(8(H)) = (rig + n\) — dim(Aut(H)). 



2.1. Automorphisms group. In this section, we emphasize on the computation of auto- 
morphisms group for a supcrbialgebra and Hopf supcralgcbra. Let Hi = (A, /ii, Ai, e±), 
H2 = {A, u 2 ,A2,£2) be two superbialgebras in the same orbit. Then, there exists an even 
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linear map g : A — > A which ensure the transportation of the structure. We set, with respect 
to the basis {ef}, where s = 0, 1 and i = 1, • • ■ , n s , 

n s 

fc=l 

M4 ® 4) = E C {i,s){j,t) e k with r = (* + *)mod[2], 
fc=i 

M2(e? ® e*-) = E M ( \ s)0 . 4) e^ with r = (i + s)mod[2], 

k=l 

1 ft-s Tit 

A i(4) = E E E D S« We 5 ® 4, with t = (/ + S )mod[2], 

s=0 .7=1 fe=l 
1 n s n t 

= E E E B (u) (fc) ej ® 4, with i = + S )mod[2], 

s=0 3=1 fc=l 



ei(ej) 





if/ 





if/ 


n° 
i 


if/ 





if / 



ith a\ = 1, 



£ 2 (e<) = 

These two superbialgebras ifi and i/2 are isomorphic if the following conditions are satisfied 



Z^=i J (p, s ) £7 ( i ,i) 2^i=i2^k=i 1 (i, s )- L (k,t)- a (j,i) — u ' l s , r J t 1", i| , 
p=l, ...,n a , g = 1, . . . ,/it, / = (s + i)mod[2], 

* Z)fe=l T (k,r) M (i,s)(j.t) ~ J2k=l Z)p=l T {i,s) T (j,t)^lk,s){p,t) = ^' ( S ' *) ^ - 1 "} 2 ' 

q = 1,. .., n r , r = (s + t)mod[2], 

, Efeli ^rj, 0) - a? = 0, i = 1, . . . , no, a§ = ^ = 1. 

In Sections 4 and 5, we aim to classify for dimensions 3 and 4 superbialgebras (rcsp. Hopf su- 
pcralgcbras) and compute their automorphisms group. This requires to solve systems obtained 
in this section. 



3. Trivial and Connected superbialgebras 

We describe in this section some properties of connected superbialgebras, which are super- 
bialgebras with 1-dimcnsional even part and trivial superbialgebras, which are superbialgebras 
with trivial odd part. 

3.1. Trivial superbialgebras. We have the following obvious result. 

Proposition 3.1. Every finite dimensional bialgebra (resp. Hopf algebra) is a superbialgebra 
(resp. Hopf superalgebra), whose odd part is reduced to {0}. This superbialgebra (resp. Hopf 
superalgebra) is called trivial superbialgebra (resp. trivial Hopf superalgebra). 
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The classification of Hopf algebra were investigated by many authors. Hopf algebras of prime 
dimensions were classified in [43] . We refer to [40], [42] for finite dimensional Hopf algebras 
classification up to dimension 11, see also [29j . Semisimplc Hopf algebras of dimension 12 were 
given in |15] and complete classification of dimension 12 provided in |36| . See [9] for dimension 
14. For the classification of 2 and 3-dimcnsional bialgcbras, we refer to [12]. It is based on 
Gabriel's result of 2 and 3-dimcnsional algebras [IS] . 

3.2. Connected superbialgebras. We consider in the following connected superbialgebra 
that is superbialgebra whose even part is isomorphic to K. We define in the same way the 
notion of connected supcralgcbra, supercoalgebra and Hopf supcralgcbra. 

Lemma 3.2. Let A = Aq ®A\ be an (n+ 1) -dimensional connected superspace. If (A, fx, rj, A, e) 
is a superbialgebra with 1 = rj(l), then we have 

(1) n{x® y) = (i(y®x) = 0,Vx,y 6 Ai, 

(2) A(x) = 1 <g>x + x<g> l,Vx G Ai. 

Proof. Let (xi, X2, ■ ■ ■ , x n ) be a basis of A\, and set 

n 

li(xi ® Xj) = ctijl, A(xi) = ^(A fc ia; fe ® 1 + Aifel ® Xk), 

fc=i 

with ctij,\ij, Xji, G K, Vi, j E {1, . . . , n}. 

• The compatibility of the counit and the product e(/x(xi <8> Xj)) = e(xj) ■ e(xj) and the 
counit definition e(xi) — 0, Vi 6 {1, . . . , n}, show that cuj = 0, Vi, j G {1, . . . , n}. Then 
we have /Lt(x, <E> Xj) = fi(xj <X> Xi) = 0, Vi, j G {1, . . . , n}. 

• The compatibility of the counit and the following condition: 

(e ®id)(A(xi)) = (id®e)(A(xi)) = x h Vi G {!,..., n}, 

lead to 

n n 

(e <g> id)(A(xi)) = ^[Afcie(a; fc ) ® 1 + Aue(l) ® x fc ] = ^ AifeX fc = ^ 
fc=i fe=i 

and 

n n 

(id ® e)(A(xi)) = ^[Afcix fc ® e(l) + Ai fe l ® e(x fc )] = ^ A fe ix fc = a:,. 
fe=i fe=i 

Then A ife = A fel = 0,Vfc 6 {1, . . . ,n} - {i} and Aij = A lX = 1. So 
A(a;i) = ^ <g> 1 + 1 ® Xj, Vi G {1, . . . ,n}. 

□ 

In [7], the authors proved that there exist a connected superalgebras only for n < 3, wc 
extend naturally this result to superbialgebras. 

Proposition 3.3. There is an n- dimensional connected superbialgebra, only for n < 3. 

Proof. Let A = Aq © A\ be a superalgebra with product n and unit e\. Assume A$ = 
K.e1, dimAi = n > 2 and (xi,X2, ■ ■ ■ ,x n ) be a basis of A±. 

According to Lemma |3.2[ A(xi) = 1 g> x% + Xj ® 1. Compatibility condition leads in one hand 
to A(/j,(xi <g) Xj)) = 0, and in the other hand to 

H ® (j, o r(A(xj) <g) A(xj)) =/i®/jo t((1 ® Xj + Xi 8> 1) ® (1 ® Xj + Xj ® 1)) 

= (U ® jU O T(Xi ® 1 ® ® 1 + Xi ® 1 ® 1 ® Xj + 1 ® Xi <£> ® 1 + 1 ® Xi ® 1 ® ) 

= Xj ® Xj — Xj ® Xi 7^ 0, Vi ^ j 6 {1, ... 1 «}■ 
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Therefore, it is satisfied only if n = 1 . □ 

A 2-dimcnsional superbialgcbra is either trivial or connected. For trivial 2-dimcnsional bial- 
gcbra, we refer to [12] . In the following, we provide connected 2-dimcnsional superbialgcbras 
and Hopf superalgebras. 

Let (A, /i, rj, A, e) be a 2-dimcnsional connected superbialgcbra. We set A = span{e1} and 
A\ = span{e\} and 77(1) = its unit element. 

Proposition 3.4. Every 2- dimensional connected superbialgcbra is isomorphic to the following 
2- dimensional connected superbialgebra {A, /i, n, A, e) defined, with respect to a basis {e^e}}, 
by 

H{e\ ® e?) = e?, /Lt(e? ® e\) = e\, n(e\ <g> e?) = e{, n(e\ <8> e\) = 0, 

A(e?) = e? <8> e$, A(eJ) = e? ® e] + e} ® e°, 

e(eS) = l, e(ei) = 0. 

Moreover it carries a Hopf superalgebra structure with an antipode S defined by 

S(e1) = el S(el) = -ei 

Proof. The multiplication, the comultiplication and the counit arc defined according to Lemma 
13.21 and with this extra product, coproduct and counit. 

M ( e J ® e\) = Cl Mljl) el A(ei) = Dg$ (1) e? ® e\ + D$$%\ ® e°, e (e°) = 1, £ (e}) = 0. 

Solving the system equations (|2.1j) . . . . , (|2.9p defined above, with respect to structure con- 
stants Ch D« 'J!' , ^(i'i) 1 leads to the result. 

For the second assertion, we assume that the antipode S is defined above, S(ei) = ej, S'(eJ) = 
An 1)^1, with A}j ^ G IK. Applying the identity p. lip to e\, we obtain only one non trivial case of 
2-dimcnsional Hopf superalgebra associated to connected 2-dimensional superbialgebra defined 
above. The antipode is defined by S(e\) — e?, S(e\) = —e\. □ 

Let / : A — > A be a superalgebra homomorphism, this means that / is an even linear map, 
satisfying f(e\) = e\ and /o/i = /jo/<gj/. Let us set f{e\) = ae\, where a G K\{0}. A direct 
calculation shows that / o fx = « o / g / is satisfied for any a =/= Q. 

Proposition 3.5. The automorphisms group of the 2-dimensional superbialgebra is the infinite 
group 

' 1 



a 



with a G K\{0} 



4. Classification of 3-dimensional superbialgebras and Hopf superalgebras 

There is three cases for no = dimAo. If no = 1, we have connected superbialgebras which 
are covered by Proposition 13.31 If no = 3, we have trivial superbialgebras for which we refer 
to p~2] for the classification. It remains to study the case no = 2. 

4.1. Superalgebras. Let (A, fi, 77, A, e) be a 3-dimcnsional superbialgcbra such that A = 
Aq © A\ and dimAo = 2. Let {ej, e\, e\} be a basis of A, such that {e?, e^} generates 
the even part Aq and {e}} the odd part A\. Assume that n(l) = e\. 

We recall here the classification of 2-dimcnsional algebras. 
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Proposition 4.1. jT21 HB] There is, up to isomorphism, two 2 -dimensional algebras. They are 
defined with respect to a basis e5,eg 7 by 

(4.1) Ml (e° ® e°) = e°, Ml (e° ® eg) - eg, Ml (eg ® e°) = eg, /^(eg ® eg) = 0, 

(4.2) M2 (e? ® e?) = e°, M2 (e° ® eg) = eg, M2 (eg ® e°) = eg, /i 2 (eg ® eg) = eg. 

Since the even part of a superalgebra is an algebra, we fix the even part multiplication to 
be one of the two 2-dimensional algebra, recalled in Proposition [O] We denote by /Xju the j th 
multiplication obtained by extending the multiplication fii of a 2-dimensional algebra to the 
multiplication of a 3-dimcnsional superalgebra. We consider first multiplication /Hi . 

Proposition 4.2. Every, non trivial 3- dimensional superalgebras, where the even part is the 
2-dimensional algebra of multiplication is isomorphic to one of the following 3- dimensional 
superalgebras (A, /zm, rf), (A, /Zm, n), where the extension of (|4.ip . is defined as 



(4.3) A*i|i(e§ ® ei) = 0, ^(ej ® eg) = 0, ^(ej ® e}) = 0, 

(4.4) ^(eg ® ei) = 0, Mi|2(e! ® eg) = 0, /^(ej (8 ej) = e° 2 . 
Proof. To simplify the notation, we denote the multiplication by We set 

(4.5) eg ■ e\ = ae\, e\ ■ eg = f3e{, e\ ■ e\ = 7 eg + ere®, with a,P,j,a E K. 



We have eg • (e\ ■ e\) = 7eg, (eg • e\) ■ e\ = ajef + acreg, [e\ ■ e\) ■ eg = 7eg and e\ ■ [e\ ■ eg) = 
/3 7 e°+/3creg. 

According to associativity and by identification, we obtain or{ = 0, ao = 7, /3j = 0, fia = 7. 
Then 7 = and e\ ■ e\ = ereg. 

Moreover, eg ■ (eg ■ e\) = (eg • eg) • e\ = and (ei • eg) ■ eg = e\ • (eg - eg) =0 lead to 
a = (3 = 0. Finally, it remains to fix a. 

• If a = 0, we obtain the superalgebra defined by H\u. 

• If a ^ 0, then we have the superalgebra which is given by the multiplication /z CT defined 
as M(T (eg • eg) = 0, ^{e\ • eg) = 0, /z CT (eg • e\) = 0, /z CT (ei ■ e}) = treg, a ^ 0. It is 
isomorphic to /zm (c = 1). 

□ 

For the second algebra multiplication /Lt 2 defined in (|4.1|) , we obtain three possible extension 
as a 3-dimensional superalgebra. 

Proposition 4.3. Every non trivial 3-dimensional superalgebras where the even part is the 
2-dimensional algebra [ii, is isomorphic to one of the following 3-dimensional superalgebras 
(A, /x 2 |i, rf), (A, jLt 2 i 2 , rj)and (A, /z 2 |3, rf), where the extension of (|4.2[) is defined as 

(4.6) M2|i(eg ® e\) = e}, /U 2 |i(ei ® eg) = e\, ^ 2 \i{e\ ® ej) = eg, 

(4.7) /i 2 | 2 (eg ® ei) = e}, M2 | 2 (e} ® eg) = 0, /z 2 | 2 (ei ® e}) = 0, 

(4.8) /z 2 | 3 (eg ® e}) = e}, y, 2]3 {e\ ® eg) = ej, /z 2 | 3 (e} ® e}) = 0. 

Proof. By associativity conditions, (eg • eg) • ei = eg ■ (eg • e}) and ei ■ (eg • eg) = (e\ ■ eg) • eg, 
it follows that a and (3 may have only values or 1. 

Similarly, conditions eg • (e\ ■ e\) = (eg • ej) ■ e\ and e\ ■ (e\ ■ eg) = {e\ ■ e\) ■ eg lead to 

(4.9) cry = 0, cfcr = 7 + a - , /?7 = 0, /3(7 = 7 + o\ 
We consider the two cases 7 = and 7 / 0. 
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(1) If 7 = 0, then the system (|4l)j) reduces to a (a — 1) = and a (fi — 1) = 0. 
So, we deduce two subcases: 

(a) If a 7^ 0, then a = (3 = 1. We obtain superalgebras which are isomorphic to fj, 2 \i 

((7 = 1). 

(b) If cr = 0, we distinguish two cases a = /3 and 

(i) If a = j9, that means (a, 0) € {(0,0), (1, 1)}. Then, we obtain two superal- 
gebras isomorphic to // 2 |3 ■ 

(ii) If a ^ f), that means (a, /3) € {(0, 1), (1, 0)}. Then, we obtain superalgebras 
which are isomorphic to ^t 2 |2 ■ 

(2) If 7 7^ 0. Then, the system (|4.9|) reduces to a = j3 = and cr = —7. 
So, we have superalgebras with multiplications fj,^ defined as 

A*r(eS ® eg) = eg, ^(ej <8 eg) = 0, ^ 7 (eg ® e}) = 0, ^(e\ ® e\) = 1 (e? - eg) , 

which are isomorphic to the supcralgcbra with the multiplication /^ 2 | 1 - 

□ 

4.2. Automorphisms groups of 3-dimensional superalgebras. For each supcralgcbra de- 
fined above, we compute the automorphisms group. Let / : A — > A be a supcralgcbra homo- 
morphism, this means that / is an even linear map, satisfied /(e?) = e\ and / o/i = fio f <g> f. 

We set /(eg) = T ( Vo) e i+ T (lo) e 2> and f( e D = T (i,i) e i> such that r (W r (2,o)> T (i,i) e K and 
0)^(1 1) 7^ 0. Then we evaluate the above conditions on basis elements. It is easy to show 
that q\ = 0. With further calculations we obtain. 

Proposition 4.4. The following table provides the associated automorphisms group of each 
superalgebra: 



Superalgebra Superalgebra automorphisms 
















Mi|i 


((: 


a 




, with (a, /?) e (I 


-) 2 }| 









P J 







M1I2 







1 

a' 




I , with a £ 
a J 



((•■•)) 



1 
1 

a 



4.3. Superbialgebras and Hopf superalgebras. Now, we construct superbialgebra struc- 
tures associated to the five superalgebras found above. 

Proposition 4.5. There is no 3-dimensional superbialgebra, with dim^o = 2, associated to 
the multiplications (i±\i and fX\\2- 
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Proof. Assume A(eg) = ae?®e? + ^e?®eg+7eg®e? + creg(gieg + <5e}®e} where a,/3,7,cr,c> £ IK. 
We have Mi|i( e 2® e 2) = ^^(eg'S'eg) = 0. The compatibility condition e^eg&ieg)) = e^gMeg), 
implies e{e^) = 0. 

In one hand, the condition (e ® id)(A(eg)) = (id ® e )(A(eg)) = eg implies that a = and 
(3 = 7 = 1. In the other hand, the compatibility condition A o ^(eg ® eg) = (/U ® ju) ° (id ® r <g> 
id) o (A ® A) (eg eg) = 0, leads to fi-y = 0. Therefore we have a contradiction. □ 

In the sequel, we consider the supcralgcbra structures defined by /ialij M2|2 an d M2|3- We 
provide the associated comultiplications and counits in order to form supcrbialgcbras. 
For the multiplication /M 2 ii, we have 

(1) A 2|1 (e?) = e?®e?, A 2|1 (eg) = e? <g> eg + eg $ e? - eg ® eg, A 2|1 (ei) = e\ ® e? + e? <8> - ® 
eg, 4|i(e§) = 0. 

(2) A^( e ?) = e? ® e?, A^^g) = e? ® eg + eg ® e° - eg ® eg, A 2 2]1 (el) = e} ® e? + e? ® e} - eg ® 
eL 4 1 (eg)=0. 

For the multiplication ^2|2j we have 

(1) Ai |2 (e?) = e?®e?, A 2|2 (eg) = e? ® eg + eg ® e? - eg ® eg, Aj| 2 (eJ) = e? <g> el + ej ® e? - e\ ® 
e° 2 -e° 2 ®e{, e 2|2 (eg)=0. 

(2) A^ !2 (e?) = e? ® e?, A^^eg) = e? ® eg + e§ (8 e? - eg ® eg + e\ ® ej, A|| 2 (ei) = e? ® ej + ej ® 
e? -e} ®eg -eg ® el, £2| 2 (eg) = 0. 

(3) Al |2 (e?) = e? ® e?, Ag |2 (eg) = eg ® eg, A| |2 (e}) = e\ ® eg + eg 8 e}, £ g |2 (eg) = 1. 

(4) A^ |2 (e?)=e;®e?, A^ |2 (eg) = eg ® eg + ej ® ej, A* |2 (eJ) = ej ® eg + eg ® e\, 4 |2 (eg) = 1. 
For the multiplication /x 2 |3, we have 

(1) Aj| 8 (e?) = e? ® e?, Aj| S (e§) = e° ® eg + eg ® e? - eg ® eg, A 2|3 (el) = e? ® ej + ej ® e? - eg ® 
ei-ej®eg, e 2|3 (eg) = 0. 

(2) A^(e;)=e?®e?, A^(eg) = e? ® eg + eg ® e? - eg ® eg, A| |3 (ei) = e? ® e\ + e\ ® e? - eg ® 
ei, £2| 3 (eg) =0. 

(3) Ajj| S (eS) = e? ® e?, Ag |3 (eg) = e? ® eg + eg ® e° - eg ® eg, Ag |3 (ei) = e° ® e\ + e\ ® e? - ej ® 
eg, 4 3 (eg)=0. 

(4) A* |8 (eS) = e?®e?, A* |8 (eg) = e ?® e g +e g®e?-eg®eg, &.% 3 {e\) = e^+eM, S * 3 (eg) = 0. 

(5) Ag |3 (e?) = e? ® e?, Ag |3 (eg) = eg ® eg, A|| 8 (el) = e\ ® eg + eg ® e\, eg |3 (eg) = 1. 

Theorem 4.6. Every non trivial 3- dimensional superbialgebra with dimAo = 2 is isomorphic 
to one 0/ the following 3- dimensional superbialgebras 

(-4,M2|i,??, A 2|1 ,e 2|1 ), (A, fj, 2 ^,r], A 2 ^,e 2 ^), (A,^ 2 ,r], A 2 | 2 ,e 2 | 2 ), (A M212, »7, A 2|2 , e 2 | 2 ), 
(-4,M2|2,'7, Ag| 2 ,eg| 2 ), (A,fj. 2 \ 2 ,n,A 2]2 ,e 2]2 ), (A,fi 2 \3,n, A 2 | 3 ,e 2 | 3 ), (A,/i 2 |3,»7, A 2 | 3 ,e 2 | 3 ), 
(A,)J,2\3,V, A|| 3 ,e|| 3 ), (A,/i 2 |3,»?, A 2 | 3 ,e 2 | 3 ), (A,(j, 2 \ 3 ,rj, A 2 | 3 ,£ 2 | 3 ). 

Theorem 4.7. There is no non trivial 3- dimensional Hopf superalgebra. 

Proof. We check that no one of the superbialgebras may carry a structure of Hopf superalgebra. 
Let 5* be an antipode of one of the 3-dimensional superbialgebra defined above. Assume that 

5(e?) = 4, 5(eg) = S^ 0) eS + S ( 2 2 , 0) e°, S(e{) = Sf^el, 

and satisfy the identity /io(S0 id) oA = /jo (id <g> S) o A = 77 o e. 
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We apply the identity to e% and distinguish two cases 
Case 1: e(e§) = 0. 

For all 3-dimensional superalgebras in this case, we have 

A(e°) = e? (g> e° + e° ® e? - e% <g> e° + ae} (g> e}, such that a = or 1. 
In one hand, we have, 

H o (5 (g) idyi) ° A(e§) = /U ° (e° ® e" + e° <8> e° - S^e") ® e" + a5(ej) ® e}) 

-pO-l-l"^ 1 p° 4- <^ 2 p°) ^ 1 p° p° 
— e 2 ~r l D (2,0) e 2 + J (2,0) e 27 ~ D (2,0) e 2 ~ D (2,0) e 2 

= S(2,0) e l + (1 — ^(2,0)) e 2' 

In the other hand, we have rj o e{e^) = 0. Therefore, we have a contradiction. 
Case 2: e(e°) = 1. 

In this case, A^) must have this form 

A(e°) = e° ® e° + ae\ ® e\, such that a = or 1. 

Then, in one hand, we have, 

^(5® *oU) o A(e°) = y, o (S( e °) ® e° 2 + aS(e\) ® e}) = (5^ 0) e§ + 5 2 2 e^) = (S^o) + Sg, i0) )e!j. 

In the other hand, we have 77 o efe®) = ej. So we have a contradiction. 

□ 

4.4. Automorphisms groups of 3-dimensional superbialgebras. We use the automor- 
phisms group of the 3-dimensional superalgebra and check furthermore, the identity (|1.9p . We 
obtain the following result: 

Proposition 4.8. The automorphisms group of all 3-dimensional superbialgebras with multi- 
plication /U211, is the finite group of order 2 




The automorphisms group of all 3-dimensional superbialgebras with multiplications (J,2\2, IJ-2\3> 
is the infinite group 

{ ( 1 \ 

, with a G 










{(: 


1 


S) 










5. Classification of 4-dimensional superbialgebras and Hopf superalgebras 

Let A = Ao © A\ be a 4-dimensional superbialgebra. There is four cases for no = dim^lo- If 
no = 1, the superbialgebra is connected, then its covered by Proposition 13.31 If uq = 4, then 
they correspond to trivial superbialgebra. In the sequel, we discuss cases no = 2 and uq = 3. 

5.1. 4-dimensional algebras. In the following, we recall the classification of 4-dimensional 
algebras given by Gabriel in [TC] and the classification of 4-dimensional superalgebras with 
uq = 2 and hq = 3 provided by Armour, Chen and Zhang in [TJ. 

Theorem 5.1. The following algebras are pairwise non-isomorphic and every 4-dimensional 
algebras is isomorphic to one of these 19 algebras: 

(1) KxKxIxI 

(2) Kxlx K[x\/x 2 

(3) K[x]/x 2 x K[y]/y 2 

(4) K x K[a;]/.T 3 
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(5) K[x]/x 4 

(6) KxK[x,y]/(x,y) 2 

(7) K[x,y]/(x 2 ,y 2 ) 

(8) K[x,y]/(x 3 ,xy,y 2 ) 

(9) K[x,y,z]/(x,y,z) 2 

(10) M 2 = 



(12) AK : 




,y\/{x 

a 
a 

c d 

(18) K{x,y}/(x 
x and y 

(19) K{x,y}/(y 2 



1,0,1, K{x,j/} is a free associative algebra generated by 



+ yx,xy + yx) 



5.2. Superalgebras with dim(Ao) = 3. Let {e?, e^, eg, e}} be a basis of the superalgebra 
A, A = Aq®Ai, such that Ao = span{e^, e®, e§}, A\ = span{e\} and be the unit element of 
the superalgebra. We recall the multiplication of all possible graduation obtained from a fixed 
algebra, we denote by fx^j the multiplication of each 4-dimensional superalgebra in the case 
dim Aq = 3. We preserve the notation used in [7], a superalgebra i\j means the j th superalgebra 
obtained by a fixed i th 4-dimensional algebra. 

Proposition 5.2. [7j Let K be an algebraically closed field of characteristic 0, suppose that A is 
a 4-dimensional superalgebra with dimAo = 3. Then A is isomorphic to one of the superalgebra 
in the following pairwise nonisomorphic famillies: 



x K. x 
x K x 
x K x 

2 



. x K, e? = (1, 1, 1, 1), e% = (1, 0, 0, 0), e% = (0, 0, 1, 1), e\ = (0, 0, 1,-1). 
\x]/x 2 , e? = (1,1,1), eg = (1,0,0), eg = (0,1,0), e{ = (0,0, z). 



^[s]/x 2 x K[y]/y 2 , e? 
K x K[x]/a; 3 , e? = (1,1) 
Kx K[x,y]/(x,y) 2 

»2 „.2\ „0 



(1,1,1), e! 
= (1,1), e° 2 



4 



= (1,1,0) 
(1,0), e 



el 



(1,0), 



(0,1' 



(0,0, x 
(x,0), = (0,y) 
(0,x 



(1,-1,0). 



el 



e? = (1, 1), e% = (1, 0), eg = (0, x), e\ = (0, y). 
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13|1: 



4 



= o, 



el 



b c 
d 



, eS = 0, 




1 



\/a,b,c,d e K>, e? = 



I, ei = i o o 





I /a, 6, c, d 6 K >, e? 



,000 

I j = o o o 

10 



I /a, b,c,d £ Kj, e° = 

/ 1 \ 
, e}= . 
V / 

\/a,b,c,d€ K L e? = 



el 



|/a,6,c,d eK >, e? = 



ei 





el= 



e? = f 1, 

IV 
/ 



10 
10 
1 



e2 = 
o 



10 0, 

o i o , el 

1 






el 



o 



i 

1 




Next, we provide for each superalgebra its automorphisms group. 
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Proposition 5.3. For each A- dimensional superalgebra A where dimAo = 3, the associated 
automorphisms group is provided in the following table : 



Superalgebras 



Superalgebras automorphism 



1/1 




13/1 



10 
10 
10 
a 



where a £ 



2/1 



( 1 

10 

10 

V a 



/ 1 

10 

10/3 

\ a 



where (a, (3) £ (K*) 



2/2 



' ( 1 

10 

a ]>^ ereae 

t V ±1 



3/1, 6/1, 14/2 and 15/1 



( 1 

10 

a 

\ p 



, where (a,/3) € (K*) 2 



All 



< 



' / 1 

10 

a 2 

,\ a 



, where a £ '. 



7/1 



< 



' / 1 

a 

P a 2 

A o o o 



, where (a, /3) £ K* x K 



8/1 



( 1 

a 

7 a 2 

V p 



, where (a,P,-y) £ (K*) 2 x 



8/2 



10 

a 2 7 
0/30 

a 



, where (a,P,-y) £ (K*) 2 x 



9/1 



10 

a a 
7/30 

A 



, where (a, /3, A, 7, a) £ K 5 such that\(a/3 — ja) 7^ 



till, 14jl, 15/2 and 17/1 



( 1 

10 

7 a 

V p 



, where (a, /?, 7) £ (IK*) 2 x K 
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Proof. We give here, the proof for the first superalgebra 1|1. For the remained superalgebras, 
the method and calculations are similar. Let / be a superalgebra endomorphism. We set 

/( e l) = e l> /( e 2) = ^(2,0) G l + ^^2,0) e 2 + ^(2,0) e 3' /( e 3) = ^(3,0) e l ^(3,0) e 2 + ^(3,0) e 3' /( e l) = 

^e\. The map / satisfies the following condition o / ® / = / o /xx| 1 which we apply to 
e}®ei. Then we have, in one hand M2|3°/<8/(ei®eJ) = ^^(A^ a) e}) ® (Aj 1;1) eJ) = (A^^e", 
and in the other hand / o [i 2 \3( e i ® ej) = /(eg) = Aj 3 ^e° + A 2 3 + A^ 3 ^e 3 . 
By identification we obtain Aj 3 ^ = A 2 3 ) = and A^ 3 ^ = (A^ ^) 2 . 

Applied to e% ® e 3 and e 3 ® e 3 , leads to Aj 2 n + A? 2 ) = an d (A? 3 ^) 2 = A^ 3 y 

Since A^ ^ ^ (/ is bijective), we have A^ 3 j = 1. Therefore A^ ^ = ±1, (Aj 2 j) 2 = AL n, 

(^(2,0) ) 2 + "^(2,0)^(2,0) = A 2 2 ^, (A( 2 j) 2 + 2A( 2 )A( 2 ) = A( 2j0 )- 
It turns out that we obtain the two following solutions : 

(5.1) A( 2 ) = 0, A 2 2 ) = 1, A( 2 ,o) = 0, or 

(5-2) A( 2: o) = li A 2 20 ) = 1, A( 2 ,o) = — 1- 

Hence, we have two possibilities of superalgebra automorphisms with multiplication fxui which 
are defined as : 

case 1: /(e°) = e°; /(e°) = e°; /(eg) = eg; f(e{) = ±e\. 

case 2: /(e?) = e°; /(e°) = e° - e° - e°; /(eg) = e°; /(ej) = ±e\. 

□ 

5.3. Superbialgebras and Hopf superalgebras with dim(v4o) = 3. We look for all possible 
superbialgebras which could be obtained from a fixed superalgebra. The computation are done 
using a computer algebra system. For the convenience of the presentation, we only indicate 
summarily the results in the following proposition, the notations and details are collected in 
Appendix A.l (see page l3"Tj) . 

Proposition 5.4. Let (A, /i, rj, A, e) be a 4- dimensional superbialgebra with dim^4o = 3. 
Then A is isomorphic to one of the superbialgebra in the following pairwise nonisomorphic 
families: 



Superalgebra 


Associated superbialgebras 


1/1 


(A,|ti|i,»7,A?| 1) eJ| 1 ) ) A;= 1, . . . , 12. 


2/1 


(A,/i 2 | 1 ,7 ? ,A* |1 ,4 |1 ),fc= 1,...,24. 


411 


(A,/i 4 |i,?7,Aj| 1 ,£j| 1 ),fe = 1,2,3. 


6/1 


(A,/i e |i,r?,A* |1 ,£^ |1 ),fe = 1,...,18. 


13 jl 


(A,/ii3|i ) J7,Af3| 1 ,ef 3|1 ) ) A; = 1, ... ,21. 


mi 


04,Mi4|i,f?, A^i-l, e^ 4 |i), k = 1, . . .,9. 


1412 


(A, Vi4\2,V, Aj 4 | 2 ,eJ 4 | 2 ),fc = 1, ... ,4. 


15 jl 


(A,/i 15 | 1 ,7 ? ,Af s|1 ,ef s|1 ),fc = l,...,7. 


15 j2 


(A, A i 15 | 2 ,7 ? ,Af 6|2 ,ef 6|2 ),fc = l,...,4. 


17/1 


(^4, /"17|1, ^, A^Mjfi^n), fc = 1, . . . , 11. 
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Remark 5.5. There is no 4-dimensional superbialgebra with dimAo = 3 and underlaying mul- 
tiplications H2\ 2 , /x 3 1 1 , n 7 \ x , Ms 1 1 , A*8 1 2 , M9 1 1 , Mn 1 1 • 

Now, wc look for Hopf supcralgebra structures. For a fixed superbialgebra defined above, we 
add the antipode's property. It turns out that there exists only one non trivial 4-dimensional 
Hopf supcralgebra in the case dim^o = 3. 

Theorem 5.6. Every non trivial A- dimensional Hopf superalgebra where dim A$ = 3 is isomor- 
phic to the 4-dimensional Hopf superalgebra (.Him, Mill: T], A]M, £im, Si|i), where Him = 
IK x K x K x IK, with basis e? = (1,1,1,1), e\ = (1,0,0,0), e\ = (0,0,1,1), e\ = (0,0,1,-1) 
and such that 

A*i|i(ei ® e a 2 ) = e§, Mi|i(e° ® ej) = Mi|i(e{ (8 e§) = 0, 

Mi|i(e° ® eg) = Mi|i(e[] ® e§) = 0, Mi|i(e° <8> ej) = yUi|i(ei (8 eg) = e}, 

Mi|i (eg ® eg) = eg, /^(ej ® e}) = eg, 

A i|i( e 2) = e° ® e? + e? ® e° - 2e° <8> e° - e° ® eg - eg ® e° + ^eg ® eg + ^e* ® e\, 
A?| 1 (eg)=eg®e? + e?®eg-2eg®eg, 

A?|i(ei) = e° ® e} + ej ® e? - 2e° ® ej - 2e} ® e° - eg ® e\ - e\ ® eg, 
4\i(4) = 0, e?n(eg) = 0, 

^i|i( e 2) = e 2, Si\i( e i) = ae i, 5 1 | 1 (eg) = eg, where a is a primitive square root of unity. 

5.4. Superalgebras with dim(j4o) = 2. Let {e?, e\, e\, e\\ be a basis of the underlying 
superspace A, such that {e\, e®} is a basis of the even part, {ej, e\} a basis of the odd part 
and el is the unit of the superalgebra. 

Proposition 5.7. [7J Let K oe an algebraically closed field, suppose that A is a 4-dimensional 
superalgebra with dim ^4o = 2. Then A is isomorphic to one of the superalgebra in the following 
pairwise nonisomorphic families: 

1|2: Ixlxlxl, e? = (1,1,1,1), e° 2 = (1, 1, 0, 0), = (1, -1,0,0), e| = (0, 0, 1, -1). 

2|3: IK x IK x K[x]/x 2 , e? = (1,1,1), e° = (1,1,0), e} = (1,-1,0), e\ = (0,0, x). 

3|2: K[x]/x 2 x K[y]/y 2 , e? = (1, 1), e° = (1, 0), ej = (x, 0), = (0, y). 

3|3: KW/. 2 x ]%]/y 2 , eg = (1, 1), e? = (x, y), e\ = (1, -1), 4 = (x, -y). 

5|1: K[x]/x 4 , e? = 1, e^ = x 2 , ej = x, e^ = x 3 . 

6|2: K x K[x, y]/(x, y)\ e? = (1, 1), e° = (1, 0), e\ = (0, x), e\ = (0, y). 

7|2: K[x,y]/(x 2 ,?/ 2 ), e? = 1, e\ = x, e\ =y, e\ = xy. 

7|3: K[x,y}/(x 2 ,y 2 ), e? = 1, e§ = xy, e} = x, e\= y. 

8|3: K[x,y]/(x 3 ,xy,?/ 2 ), e? = 1, e§ = x 2 , e\ = x, e\ = y. 

9|2: K[x, y, z]/(x, y, z) 2 , e? = 1, e£ = x, e\ =y, e\= z. 
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1112: 



e 2 



1113: 



12|1: 
1212: 



1413 



/a, b, c 



a 
a d 
c 6 
& 



1 




a d 
6 
& 

1 


AK 2 = K(x,y)/(x 2 ,y 2 ,xy 
AK 2 = K(x,y)/(x 2 ,y 2 ,xy 
a \ 




/a, 6, c 




/ 


V 
xy. 

= y- 



15 3 



16|1 
16|2 
16|3 

1712: 




/a, 6, c, d G 

























i 


:) 


,e§ = 




i 


:) 




v o 









V 2 









/a, &, c, d G 





1 — ' 





















i 


•) 






1 


°) 




v o 









V o 





o / 



K(a; 




xy, e\ 


























1 


•) 






1 


:) 




v o 









v o 








y)/(x 2 ,y 2 ,yx), e? = 
y)/(x 2 ,y 2 ,yx), e\ = 1, 
y)/(x 2 ,y 2 ,yx), e\ = 1, 

a \ 

/a, 6, c, d € 
/ 

, , e| = 
10 0/ V 1 

(18;A|1): K(x,y)/{x 2 ,y 2 ,yx - Xxy), where A G IK urai/i A ^ -1,0, 1, 

e ? = i, e 2 = e i = y> e 2 = ■ 

(18;A|2): K(x, y)/(x 2 , y 2 , yx - Xxy), where A G K with A ^ -1, 0, 1, 




„0 
' 2 



xy, 



p 1 



19|1: K{x,?/}/(?/ 2 ,x 2 + yx,xy + yx), e? = 1, e£ 



e i 



a;, e3> 



In the following we provide the automorphisms groups of the previous superalgebras. 
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Proposition 5.8. For each A- dimensional superalgebra A where dimAo = 2, the associated 
automorphisms group is defined in the following table: 



Superalgebra 



Superalgebra automorphisms 









( 1 








s \ 




2/1, 2/3 


< 








1 






±1 


q , where a£l* 


1 








V o 








a / 





3/2, 3 13, 11/2, 11 j3 



( 1 

10 

a 

V p 




where (a, ff) £ 



5/1 



10 

a 2 

a 

P a 3 



where (/3, a) £lx 



6 j2, 17/2 



( 1 

10 

a 7 

V P a 



, where (a, P, 7, a) £ K 4 such that ota — Py ^ 



7/2, 12/1, 1611, 
16 12 



10 

a 
0/30 

7 O/3 



, where (a, P, 7) £ K* x K* x 



7/3 



10 

a/3 

,3 

a 



/ 1 

a/3 

a 

\ /3 



where (a,/3) £ (K*) 2 



«/3 



10 

a 2 

a 

0/37 



, where (a, /3, 7) £ 



9/2, 10/1 




where (a, /3, 7, a, ct ) £ K 5 smc/i t/iai a(/37 — 7a) 7^ 



12/2 



( 1 




V 





a/3 - go 

a a 

5/3 



where (a, /3, <r, 5) £ K 4 , swc/i i/iarf a/3 — <j8 7^ 



14/3, 15/3 



/ 1 

10 

a 

V p 



, where (a,/3) £ (K*) 2 
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Superalgebm 



Superalgebm automorphisms 



16j 3, 18/2 



( 1 

a/3 

a 

V 0_g 



, where (a, f3) £ 



' / 1 

a 

p 

^ V a/3 



, where (a, /3) £ K* x K* 



J 9/ J 




where ([3, a) £ K x 



Proof. We make the proof for the first superalgebra. Let / be a supcralgebra cndomorphism 
such that /(e°) = e?, /(eg) = A^ 0) eS+A^ 0) e 2 °, /(el) = X\ hl fl + \ 2 {hl) el f{e\) = \\ 2A) e{ + 
X% It satisfies the following identity /^ 2 |3 ° / ' ® f — f ° A*2|3» which we apply to e\ <* 
leads in one hand to 



It 



P/® 1(4 ® el) = M2|3((A[ 14) e} + A 2 M) e|) ® (Aj M) eJ + A^ 1)e |)) = (A[ ia) ) 
In the other hand, we have 

/ o M2| 3 (e} <8> ej) = /(eg) = Aj 2j0) e° + A 2 2)0) eg. 



e 2 . 



1 because ^ ^ 



By identification, we obtain that Aj 2 ) = and A 2 2 j = (A^ ^) 2 . 
Applying the identity to eg <8>eg, gives (A 2 2 j) 2 = A 2 2 Therefore, A 2 2 ^ 
(/ is bijective). Hence A^ ^ = ±1. 
Applying the identity to eg <E> e\ and eg (g> e 2 , we obtain A^ ^ ~ andA| 2 ^ = 0. 
So the automorphisms group corresponding to the multiplication /x 2 |3 is defined as 

/(e°) = e°, /(eg) = eg, f{e\) = ±e{, f(e\) = ae\ 



where a/0 



□ 



5.5. Superbialgebras and Hopf superalgebras with dim(ylo) = 2. Now, we compute all 
superbialgebra structures associated to superalgebras described above where dim^o = 2. We 
give fairly basic description of the results, all details are given in appendix A. 2 (page 1551). 

Proposition 5.9. There is no 4- dimensional superbialgebra with dimAo = 2 endowed by the 
one of these multiplications A*l|2, M3|3) Mb|i, M7|2> M7|3, Ms|3, Mio|i, Mn|3> Mi2|x> Ml6|i> Mi6|2, Mi6|3, 

^181 1 j Ml8|2> Ml9|l- 

Proposition 5.10. Let (A, [i, 77, A, e) be a 4- dimensional superbialgebra with dimAo = 2, 
then A is isomorphic to one of the superbialgebra in the following pairwise nonisomorphic 
families: 
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Superalgebm 


Associated 


superbia 


gebras 




2/3 


CA,M2|3.»7, A 2|3 


e 2|3), ^ : 


= 1,.. 


,4. 


3/2 




e 3|2), & : 


= 1,.. 


. 9. 


6/2 


(A, fJ,6)2,V> Agi 2 , 


£g|2) , ^ — 


= 1,... 


,11. 


11/2 


(A,Hn\2,V 


■ A ll|2, £ 


ii 12 ) • 




12/2 




, A 12|2 ' £ 


1212)- 




14/3 


(A,H 14 \ 3 ,V, A 14|3 


, e 14|3)> ^ 


= 1,. 


.,7. 


15/3 


(^,Ml5|3,??, A^ 5 |3 


, e 1 5 1 3 ) 5 ^ 


= 1,. 


.,7. 


17 j2 


(^4,^1712,^1 A 17 


2' £ 17|2) 


k = 1, 


2. 



It turns out that the only supcrbialgebras which can have a non trivial Hopf supcralgcbra 
structure are (3|2), (11 12) and (12|2) that is 



(3|2) K[x]/x 2 x K[y]/y 2 , Basis 



(1,1). 



(1,0), 



(0,2/). 



(11|2) 



' 2 



( a 

a d 

c 6 l/ a A c > de 

V 6 

/ 1 

10 



V 



>, Basis: e\ = 





1 







e\ = (x,0), e 
10 
10 
10 
1 

/ \ 

10 
V J 

1, 4 = x v> 4 = x , 4 = y- 



(12|2) AK 2 = K{x,y)/(x 2 ,y 2 ,xy + yx), Basis 
Therefore, we obtain four non trivial Hopf superalgebras where dim^o = 2 defined, with 
respect to the basis, as (e^ being the unit and e(ej) = 1, e(e\) = e(e 2 ) = 0): 



H 3\2 : 



^3| 2 ( e 2 ® 4) = 4, M3| 2 ( e ° ® e!) = MHe! ® eg) = e}, ^ |2 (e° g> e£) 
^(el ® e\) = 0, ^ |2 (eJ ® 4) = M 3 | 2 ( e 2 ® e i) = ^(4 ® 4) = 0, 



M X ( e 2 ® eg) 



AL 2 (e5) = e?®e°, A^ |2 (e§) = e5®e§+e§®e?-2eg®eg, Aj |2 (eJ) = e^e^+ejoej-e^® 



£ 3|2 ( e 2 ) — 0, 



^3|2 ( e 2 ) — e 2, ^312 ( e l ) — 4.1 ^3|2 ( e 2) — e 2- 



^312 = 



^l| 2 ( e 2 ® e°) =e§, M3| 2 ( e 2® e l)= M3| 2 ( e l® e 2) = e l, /"^(^ ® 4) = M3| 2 ( e 2® e 2) 

M3| 2 ( e i ® e i) = °, ^3|2( e l ® 4) = i4\ 2 (4 ® 4) = v 2 (4 ® 4) = 0, 

A 2 , 2 (e?) = e°®e°, A 2 . (eg) = eS®eg+eg®e;-2eg®eg, A 2 (e}) = e\®e\+e\®e\-el 



i<g>eg+e|<g>eg+eg<g>e^ A 2 , 2 (e^) = e?®e£+e£<g>e?-e§®e£-e|®eg+ei®e§+eg®e}, 
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"^3|2 ( e 2 ) = e 2' ^312 ( e l ) = ~ e l' ^312 ( e 2) 



TTl 

^11|2- 



|2 ( e 2 ® e 2) — e 2i Mll|2( e 2 ® e l) — e li Mll|2( e 2 ® e §) — e 2 1 Mll|2( e 2 ® e \) ~ 

Mu| 2 ( e 2 ® e 2) = Mn| 2 ( e ! ® e}) = Mn| 2 ( e 2 ® 4) = Mii| 2 ( e i ® e l) = Mn| 2 ( e 2 ® e i) = °> 

A} 1|2 (e?) = e?®e?, Aj 1|2 (e§) = e? ® e\ + e\ ® e? - 2e§ ® eg, Aj 1|2 (eJ) = e?®e} + e?® 
ej - eg (g) ej - ej <g> eg - eg ® e^ - e\ ® eg, Aj 1 | 2 (e 2 ) = e\® e\ + e\® e\ + e\(& e\ + e\® 

69 G2 ® ^2 ^"2 ® ^2 5 
£ ll|2( e 2) = 0' 

^ll|2( e 2) = e 2! ^11|2 ( e l) = — e 2! ^ll|2( e 2) = ~ e \- 



n \1\2 



1 

L2 1 2 " 

Ml2| 2 ( e 2 ® eg) = Ml2| 2 ( e 2 ® e!) = ML|2( e l ® 6 2) = ^i 2 | 2 ( e 2 ® e 2 ) = ^ 2 12 ( e 2 ® e 2) 

Mi 2 | 2 ( e l ® e l) = °> Mi 2 | 2 ( e 2 ® e 2) = 0, Mi 2 | 2 ( e i ® 4) = e 2, Mi 2 | 2 ( e 2 ® e l) = ~ e 2: 

Aj 2|2 (e?) = e? (8 e§, A} 2| 2 (eg) = e? ® eg + eg <g> e? + ej ® e 2 - e^<8 e}, Aj 2|2 (e}) 



'12|2V t 'l/ — u l ^ °1J "12|2^2; — °1 ^ u 2 ^ °2 ^ ^-1 T °1 ^ °2 °2 ^ & 1) < -»12|2V 

°i! ^1212 ( e 2 ) — e i ® e 2 + e 2 (8> e l5 



£ 12|2( e 2) — 0' 

^12|2( e 2) = e 2' ^12|2 C e l ) = ~ e i' ^12|2( e 2) 



Theorem 5.11. Every non trivial ^-dimensional Hopf superalgebra where dim^o = 2 is iso- 
morphic to one of the following A- dimensional Hopf superalgebras defined above: 

(ttI 1 Al P \ Cl 1 ( TJ2 2 A2 c 2 c2 \ 

v-"3|2' A*3|25 '/' ^3|2' fc 3|2' a 3|2/> l>-"3|2' ^3|2' '/) ^3|2' °3|2' °3|2/» 

(-^11|2' ^ll|2' V> ^11|2' £ 11|2' ^11|2)' ("^12|2' A*12|2' V: ^3|2' £ 12|2' ^12|2)- 



In the following table, we collect the results obtained for 4-dimcnsional supcrbialgebras and 
Hopf superalgebras. Note that algebras are those classified by Gabriel in (|5.1[) . The superal- 
gebras denote j th graduation of the i l h algebra, obtained by Armour, Chen and Zhang, 
see Proposition (|5.2|) for the first case (dim^o = 3) and Proposition (|5.7[) for the second case 
(dim^o = 2). We quote below the number of corresponding superbialgebras and Hopf super- 
algebras. 



FINITE DIMENSIONAL SUPERBIALGEBRAS AND HOPF SUPER ALGEBR AS 



2') 



algebra 


superalgebra 


Number of superbialgebras 


Number of Hopf superalgebras 




i i f 
1 1 1 


12 


1 


1 


12 










2|1 


24 





Z 


o 1 o 

Z\Z 


U 


u 




2 3 


4 







O 1 1 

3|1 








3 


3 2 


9 


2 




3 3 








4 


4|1 


3 





5 


5|1 










C 1 1 

b|l 


1 o 

16 


u 


6 


6 2 


11 







7 1 








7 


7 2 










7 3 










8|1 








8 


8 2 










8 3 










9|1 








9 


9 2 
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algebra 


superalgebra 


Number of superbialgebras 


Number of Hopf superalgebras 


1U 


1 nil 

1U|1 


U 


U 




11 1 








11 


11 2 


1 


1 




1 1 In 
11|0 


U 


u 




12|1 








12 


12 2 


1 


1 


13 


13|1 


21 







14 1 


9 





14 


14|2 


i 

4 


u 




14 3 


7 







15|1 


i n 
1U 


u 


15 


15 2 


4 







15 3 


7 







16|2 








16 


16 1 










16 3 










17|1 


11 





17 


17 2 


2 







(18;A)|1 








(18; A) 


(18; A) 2 








19 


1911 









Appendix A. 

We list in the following the supcrcoalgcbras associated to a given 4-dimensional superalgebra 

A, such that A = A © Ai . We denote the comultiplication by Avj . and the counit by evj , where 

* I j ? i j 

i indicates the item of the 4-dimensional algebra listed in Theorem (|5.ip . and i\j denotes the 
superalgebra obtained from the i th algebra, see Proposition (|5.2p for the first case (dim Aq = 3) 
and Proposition (|5.7[) for the second case (dim^o = 2). The exponent k indicates the item 
of the comultiplication and counit which combined with the multiplication of superalgebra i\j 
and the unit rj provide a 4-dimensional superbialgebra. Recall that for all of them we have 
£ (e°) = 1, e{e\) = e{e\) = 0. 
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A.l. Case dim^o = 3. 

For the multiplication fiui, we have 



(1) Aft(e°) = eg ® eg, Aft (eg) = eg ® eg + e° ® eg, Aft(el) = el ® eg + eg ® e\, eft (eg) = 
1, eft(eg)=0. 

(2) Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg, Aft(el) = eg ® ej + el ® eg, eft(eg) = 
1, e?|i( e 3)=°- 

(3) Aft(eg) = eg ® eg + eg ® eg - 2eg (?) eg - eg ® eg - eg ® eg + ±eg ®> eg + §el ® el, where a 
is a primitive square root of unity of K, 

Aft (eg) = eg ® eg + eg ® eg - 2eg <g> eg, Aft (el) = eg ® el + e} ® eg - 2eg ® el - 2e} ® eg - 
eg ® el - e\ ® eg, eft (eg) = 0, eft (eg) = 0. 

(4) Aft(eg) =eg®eg + e?®eg-2eg®eg-eg®eg-eg®eg, Aft (eg) = eg ® eg + eg ® eg - eg ® 
eg, Aft (el) = eg ® e\ + e\ <g> eg - 2eJ ® eg - e\ ® eg, eft (eg) = 0, eft (eg) = 0. 

(5) Aft(eg) = eg®eg, Aft (eg) = eg ® eg + eg ® eg - eg ® eg, Aft (el) = e? ® e\ + e\ ® eg - e\ ® 
eg, 4i( e 2) = 1 - 4i( e 3)=0. 

(6) Aft(e°) = eg®eg, Aft (eg) = eg ® e? + eg ® eg - eg ® eg, Aft (el) = eg ® el + e{ ® eg - eg ® 
ej, eft(eg) = l, eft(eg)=0. 

(7) Aft (eg) = e g ® e g + e g® e g - e g® e g, Aft (eg) = eg ® eg + eg ® eg - eg ® eg - eg ® eg - eg ® 
eg, Aft (el) = eg ® ej + e\ ® eg - eg ® e\ - e\ ® eg - eg ® el, eft (eg) = 0, eft (eg) = 0. 

(8) Aft (eg) = eg ® eg + eg® eg -eg® eg, Aft (eg) = eg ® eg + eg ® eg - eg ® eg - eg ® eg - eg ® 
eg, A? |1 (el)=e?®el+e}®eg-eg®el-e;®eg-el®eg, eft(eg)=0, eft(eg) = 0. 

(9) Aft (eg) = eg ® eg + eg® eg -eg® eg -eg® eg -eg® eg, Aft (eg) = eg ® eg + eg ® eg - eg ® 
eg, Aft (el) = eg ® el + el ® eg - el ® eg, S ft(e§) = 0, eft(eg) = 0. 

(10) Aft (eg) =eg®eg + eg®eg-eg®eg + eg®eg, Aft (eg) = eg ® eg + eg ® eg - eg ® eg - eg ® eg - 
2eg®eg, Aft(el) =e?®e;+el®e?-eg®el-e;®eg-eg®el-el®eg, eft (eg) = 0, eft (eg) = 0. 

(11) Aft (eg) = e g®eg + e?®eg-2eg®eg-eg®eg-eg®eg, Aft (eg) = eg ® eg + eg ® eg - eg ® 
eg, Aft(el)=eg®el+e!®eg-2eg®el-eg®el, eft (eg) = 0, eft (eg) = 0. 

(12) Aft(eg) =eg®eg + eg®eg-2eg®eg-eg®eg-eg®eg, Aft (eg) = eg ® eg + eg ® eg - eg ® 
eg, Aft(el)=eg®el+el®eg-eg®el, eft(eg)=0, eft (eg) = 0. 



For the multiplication // 2 | i > wc have 

(1) Aft(e?) =e?®eg, Aft (eg) = eg ® eg + eg ® eg - 2eg ® eg, Aft (eg) = eg ® eg + eg ® eg -eg® eg - 
eg®eg+eg®eg-eg®eg, Aft(el) = eg®el + el®eg-eg®el-el®eg-eg®el-el®eg, eft(eg) = 
0, eft(eg) = 0. 

(2) Aft(e?) = e?®eg, Aft (eg) = eg ® eg + eg ® eg - eg ® eg - eg ® eg, Aft (eg) = eg ® eg + eg ® eg - 
eg®eg-eg®eg, Aft(el) = eg ® el + e\ ® eg - eg ® el - e\ ® eg - eg ® el - e} ® eg, eft(eg) = 
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0, 4 1 (e§)=0. 

(3) (e?) = e? ® e?, A*, x (e°) = eg ® e? + e? ® eg - eg ® eg, A^ (eg) = e? ® eg + eg ® e? - eg ® eg - 
eg®eg-eg®eg, A^^eJ) = e? ® ej + ej ® e? - eg ® ej - cj ® eg - eg ® e] - e\ ® eg, el^eg) = 
0, e^(eg) =0. 

(4) Af |1 ( e ;) = e ;®e? J At |1 ( e °) = e ;® e HeE®e?-e°®eHe§®eE,A* |1 (e°) = e ;®eg+eg® e ;-e°8 
eg-eg®eg-2eg®eg, A^^eJ) = e? ® + ej ® e? -eg®ej -e\ ®eg -eg® ej -e\ ®eg, £2|i( e °) = 
0, e^(eg) =0. 

(5) Ag |1 (e?)=e?®e?, A^ (eg) = e? ® eg + eg ® e? - eg ® eg - eg ® eg, A^(eg) = e? ® eg + eg ® 
e?-eg®eg-eg®eg, A%\ x {el) = e? ® ej + e} ® e? - eg ® e\ - e\ ® eg - eg ® e{ - e\ ® eg, el| 1 (eg) = 
0, 4 1 (eg)=0. 

(6) Ag |1 (e?)=e?®e?, Ag |1 (eg) = eg ® eg + eg ® eg, Ag |1 (eg) = eg ® eg + eg ® eg, 
Ag |1 (ei) = e\ ® eg + eg ® e\ - eg ® e\ - e\ ® eg, e 6 2}1 (e° 2 ) = 1, eg |1 (eg) = 0. 

(7) A^(e?) = e? ® e?, A^(eg) = eg ® eg + eg ® eg, A^(eg) = eg ® eg + eg ® eg, 
A 7 2]1 (e{) = eg ® e{ + e\ ® eg - e\ ® eg + eg ® e\, e^(eg) = 1, 4|j(eg) = 0. 

(8) A* 1 (e?)=e;®e;, Af^eg) = eg ® eg + eg ® eg, A^^eg) = eg ® eg + eg ® eg, 
A||i(eJ) = e\ ® eg + eg ® e\ + e\ ® eg - eg ® e\, e^eg) = 1, e^(eg) = 0. 

(9) A%M) = 4 ® e?, Ag |1 (eg) = eg ® eg + eg ® eg, Ag^eg) = eg ® eg + eg ® eg, 
Ag |1 (eJ) = e\ ® eg + eg ® e\ + eg ® e\ + e\ ® eg, ^(eg) = 1, e% ]x {e%) = 0. 

(10) A^(e?)=e?®e;, Aft (eg) = eg ® eg, Aft (eg) = eg ® e? + eg ® eg, 
A^(ei)=ei®eg + eg®e;, eft (eg) = 1, eft(eg) = 0. 

(11) A^(e?)=e?®e?, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg, 
A^(ei)=ei®eg + eg®ei, eft (eg) = 1, eft(eg) = 0. 

(12) A^(e?)=e;®e;, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg, 
A^(ei)=e?® e i+ei®eg, eft (eg) = 1, eft (eg) = 0. 

(13) Aft(e?)=e?®e?, Aft (eg) = eg ® eg + eg ® eg, Aft (eg) = eg ® eg + eg ® eg, 
Aft (el) = e? ® e\ + e\ ® eg - e\ ® eg, eft (eg) = 1, eft (eg) = 0. 

(14) Aft(e?)=e?®e?, Aft (eg) = eg ® eg + eg ® eg, Aft (eg) = eg ® eg + eg ® eg, 
Aft (e*) = e? ® el + e\ ® eg + el ® eg, eft (eg) = 1, eft (eg) = 0. 

(15) Aft (e?) = e? ® e?, Aft (eg) = eg ® eg, Aft (eg) = e? ® eg + eg ® e? - 2eg ® eg, 
Aft (el) = eg ® el + e\ ® eg, eft (eg) = 1, eft (eg) = 0. 

(16) Aft(e?)=e?®e?, Aft (eg) = eg ® eg, Aft (eg) = e? ® eg + eg ® e\ - eg ® eg, 
Aft (el) = eg ® el + e\ ® eg, 4f x (eg) = 1, 4f x (e§) = 0. 

(17) Ai[ 1 (e?)=e?®e?, A^ (eg) = eg ® eg, A^(eg) = e? ® eg + eg ® eg, 
A^(ei) = el ® eg + eg ® el, e\Ue° 2 ) = 1, eZ(e° s ) = 0. 
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(18) A«(e?) = e° ® e°, A^eg) = eg ® eg, A^eg) = e° ® eg + eg ® e? - eg ® eg, 
Aj 2 S | 1 )(ei)=ei®el+el®^-e§®el, e £(e§) = 1, e£(eg) = 0. 

(19) A^(e?) = e? ® e?, A^eg) = eg ® eg, A^eg) = e? ® eg + eg ® eg, 
A^(ei) = e? ® e\ + e\ ® eg, e^eg) = 1, eft (eg) = 0. 

(20) A^(e?) = e?®e?, Aft (eg) = eg ® eg, Aft (eg) = e? ® e? + eg ® eg - eg ® e? - e? ® eg + eg ® 
eg + eg® eg, Aft(eJ) = e\ ® eg + eg ® ej, eft (eg) = 1, £ ft(eg)=0. 

(21) Aft(e?) =e?®e?, Aft (e° 2 ) = eg ® e° 2 , Aft(eg) = e? ® e? + eg ® eg - eg ® e? - e? ® eg + 2eg ® 
eg + 2eg®eg + 2eg®eg-e?®e§-eg®e?, Aft(eJ) = ei®eg + eg® e ;, eft(eg) = 1, eft(eg) = 0. 

(22) Aft(e?)=e?®e?, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg, 
A^(ei) = e;®ei + ei®eg, eft (eg) = 1, eft(eg) = 0. 

(23) Aft(e?)=e?®e?, Aft(eg)=eg®eg, Aft(eg) = eg ® eg + eg ® eg + eg ® eg, 
Aft(ei) = e? ® e\ + el ® eg + e\ ® eg, eft (eg) = 1, eft (eg) = 0. 

(24) Aft(e?)=e?®e?, Aft (eg) = eg ® eg, Aft (eg) = e? ® e? + eg ® eg - eg ® e? - e? ® eg + eg ® 
eg + eg ® eg, Aft(eJ) = e\ ® eg + eg ® e{, eft (eg) = 1, eft (eg) = 0. 

For the multiplication (J-4\i, we have 

^e?) = e? ® e?, Aj^eg) = eg ® eg, A^eg) = eg ® eg + eg ® eg, 
M) = eg ® el + el ® eg, el^eg) = 1, ei^eg) = 0. 

^e?) = e? ® el, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® e\, 
.(el) = 4 ® e? + eg ® e\, eft (eg) = 1, eft (eg) = 0. 

1 (e?)=e?®e?, Aft (eg) = eg ® eg, Aft (eg) = e? ® eg + eg ® eg, 
M) = el ® eg + e? ® e\, eft (eg) = 1, eft (eg) = 0- 

multiplication fxgh, we have 

M) = e? ® el, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg, 
^el) = el ® eg + eg ® el, eft (eg) = 1, eft (eg) = 0. 

1 (e?)=e?®e?, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg + e\ ® e\, 
= el ® eg + eg ® el, eft (eg) = 1, eft (eg) = 0. 

^e?) = e? ® el, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg + eg ® eg, 
1 (ei) = ei®eg + eg®ei + ei®eg + eg®ei, eft(eg) = 1, eft (eg) = 0. 

^e?) = e?®e°, Aft(eg) = eg®eg, Aft(eg) = eg®eg + eg®eg + eg®eg + e 1 1 ®ei, Aft (el) = 
9 eg + eg ® el + e\ ® eg + eg ® e\, eft (eg) = 1, 4\M) = 0. 

1 (e?)=e?®e?, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg + eg ® eg, 
^el) = el ® eg + eg ® e\ + eg ® e{, eft(eg) = 1. 4\M) = 0. 

1 (e?) = e?®e; j Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg + eg ® eg, 
= el ® eg + eg ® e\ + e\ ® eg, eg .(eg) = 1, e%M) = 0. 
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(7) A^(e?) = e? ® e?, A^eg) = eg ® eg, A^(eg) = eg ® e? + eg ® eg, 
A^(ei) = e] ® eg + eg ® e}, ^(eg) = 1, e^eg) = 0. 

(8) Al |x ( e S) = e? ® e?, A^^g) = eg ® eg, Ag^eg) = e° ® eg + eg ® eg, 
A|n(cJ) = e\ ® eg + eg ® ei, eg^eS) = 1, ^(eg) = 0. 

(9) A^(e?) = e? ® e?, A^(eg) = eg ® eg, Ag^eg) = eg ® eg + eg ® eg + eg ® eg, 
AiiiCel) = e\ ® e? + eg ® ei, ^(eg) = 1, e 9 a]1 (4) = 0- 

(10) A^(e?)=e?®e?, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg + eg ® eg, 
Aft (el) = el ® e? + eg ® e\ + eg ® el, ^(eg) = 1, eft (eg) = 0. 

(11) Aft(e?)=e?®e?, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg, 
Ajf 1 (el) = ei®e; + c§®eL ejfi(e§) = 1, 4|i(eg) = 0. 

(12) Aft(e?)=e?®e?, Aft (eg) = eg ® eg, Aft (eg) = eg ® e? + eg ® eg, 
Aft (el) = eg ® el + el ® e?, eft (eg) = 1, eft (eg) = 0. 

(13) Aft(e?)=e?®e?, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg + eg ® eg, 
Aft(el)=el®eg + eg®el, eft (eg) = 1, eft(eg) = 0. 

(14) Aft (e?) = e? ® e?, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg, 
A^ 1 ( e l) = el®eg + e?®eL 4* (eg) = 1, eft(eg) = 0. 

(15) Aft(e?)=e?®e?, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg + eg ® eg, 
Aft (el) = el ® eg + e° ® e\ + ei ® eg, eft (eg) = 1, eft (eg) = 0. 

(16) Aft(e?)=e?®e?, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg + eg ® eg, 
Aft (el) = e? ® el + e\ ® eg, eft (eg) = 1, eft (eg) = 0. 

(17) Aft (e?) = e? ® e?, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + eg ® eg + eg ® eg, 
A^ 1 (ei)=e?®ei+e 1 1 ®e?, eft (eg) = 1, eft(eg) = 0. 

(18) Aft(e?)=e?®e?, Aft (eg) = eg ® eg, Aft (eg) = eg ® eg + e? ® eg, 
Aft (el) = e? ® el + e\ ® eg, eft (eg) = 1, eft (eg) = 0. 



For the multiplication A*i3| i , we have 

(1) Ai 3|1 (e?) =e?®e?, Aj 3|1 (e§) = e? ® eg +eg ® e? - eg ® eg - eg ® eg, Aj s|1 (eg) = e° ® eg + eg ® 
e?-eg®eg-eg®eg, Al 3|1 (el) = e ( j , ®el + el®e ( i , -eg®el-el®eg-el®eg-e§®el, ^(eg) = 
0, 4 3|1 (eg) = 0. 

(2) A? 3|1 (e?) = e? ® e?, A? 3|1 (eg) = e° ® eg + eg ® e° - eg ® eg - eg ® eg - eg ® eg, A? 3|1 (eg) = 
e?®eg+eg®e?-eg®eg, Aj 3|1 (e}) = e ( 1 ) ®el+el®e , j , -eg®el-el®eg-el®eg-eg®el, £? 3!1 (eg) = 
0, e? 3|1 (eg) = 0. 

(3) A? 3|1 (e?) = e?®e°, A? 3|1 (eg) = e?®eg + eg®e;-eg®eg-eg®eg-eg®eg, A? 3|1 (eg) = e?®eg + 
eg®e?-eg®eg, A? 3|1 (el) = e?®el+el®e?-eg®el-eg®el-el®eg, £? 3!1 (eg) =0, e? 3!1 (eg) = 0. 

(4) A* J|1 (eS)=eS®eS, A^ 3|1 (eg) = e? ® eg + eg ® e? - eg ® eg - eg ® eg - 2eg ® eg, A* 3|1 (eg) = 
e? ® eg + eg ® e? - eg ® eg + eg ® eg, A^i^ei) = e? ® e\ + el ® e? - eg ® e\ - el ® eg - el ® 
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eg-eg®el, s 4 13ll (e%) = 0, e? 3|1 (eg) = 0. 

(5) A? 3|1 ( e ?)=e?®e?, Af 3|1 (eg) = e? ® eg + eg ® e? - eg ® eg, A? 3|1 (eg) = e? «> eg + eg ® e? - e§ <» 
e g_ e g® e g_ e g 0e g 5 A 5 3|i(e i) = e o 8e i + e i 8e o_ e o 8e i_ e i 0e o 5 e s 3|1 ( e 0) = o, e ; 3|1 (eg) = 0. 

(6) A? 3|1 (e?) =e?®e?, A«s| 1 (cg)=e;®eS + eg®e;-eg®eS-ei®ei 1 A? 3|1 (eg) = e?®eg + eg® 
e?-eg®eg-eg®eg-eg®eg + el®ei, A? 3)1 (eJ) = e?®ei+ei ®e?-ei ®eg-eg®eL e? 3 |i(eg) = 
0, £? 3|1 (eg)=0. 

(7) AL| 1 ( e ;)=e?® e ?, Al 3|1 (eg)=e?®eg + eg®e?-eg®eg, Al 3|1 (eg) = e? ® eg + eg ® e° - eg ® 
eg-eg®eg-eg®eg, A^^ei) = e? ® e\ + e\ ® e? - e] ® eg - eg ® ej - -e\ ® eg, el3|i(e°) = 
0, 4,|i(e§) = 0. 

(8) A? 3|1 ( e ;)=e?® e ;, A* 3|1 (eg)=e;®eg+eg®e?-eg®eg-eg®eg, A? 3|1 (eg) = e° ® eg + eg ® 
e?-eg®eg-eg®eg, A* 3|1 (e}) = e;®e; + ei®e?-eg®e;-ei®eg-eg®el-e;®eg, ef 3 |i(eg) = 
0, e? 3|1 (eg) = 0. 

(9) A? 3|1 ( e ?)=e?®e?, A? 3|1 (eg) = e? ® eg + eg ® e? - eg ® eg - eg ® eg, A? 3|1 (eg) = e? ® eg + eg ® 
e?-eg®eg-eg®eg, A? 3|1 (ei) = e^ei + e^ej-e^eg-e^eg, e? 3 |i(eg) = 0, e? 3 |i( e 3) = 0. 

(10) Aig |1 ( e ;)=e?® e ;, Aig |1 (eg) = e;®eg+eg®e?-eg®eg-eg®eg, Ajg |1 (eg) = e? ® eg + eg ® 
e?-eg®eg-eg®eg, Ajg^eJ) = e\ ® e? + e?® e J -eg® e J -eg® e}, ^(eg) = 0, ^(eg) = 0. 



(11) Aj 3|1 (e?) = e? ® e?, A} 3|1 (eg) = eg ® e? + e? ® eg - 2eg ® eg, ^(eg) = e? ® eg + eg ® e? - 
eg ® eg - eg ® eg + eg ® eg - eg ® eg, 

A«|i( e i) =e?®e}+ei®e , | 1 -eg®ei-ei®eg-eg®ei-ei®eg, ej 3|1 (eg) = 0, e^ |1 (eg) = 0. 



(12) A^^e?) = e? ® e?, A^eg) = eg ® eg, Ag^eg) = e? ® eg + eg ® e? - 2eg ® eg, 
AgnCei) = eg ® e\ + e\ ® eg, ^(eg) = 1, ^(eg) = 0. 

(13) Ag| 1 (eS)=eS®e?, A^^eg) = eg ® eg, A^^eg) = eg ® eg + eg ® eg + eg ® eg, 
Alln(ei) = eg ® e} + e\ ® eg, ^^(eg) = 1, £ « |1 (eg) = 0. 

(14) A^ |1 (e?)=e?®e?, A^^eg) = eg®eg + ei®ei, A^ (eg) = eg® e g + eg®eg + eg® eg -e\ ®e\, 
Aj* |1 (eJ)=el®eg + eg®el, ^(eg) = 1, e ^ |1 (eg)=0. 

(15) Aj| |1 (e°)=e?®e?, Ajg^eg) = eg ® eg, A^eg) = eg ® eg + eg ® e?, 
AH| 1 (ei)=ei®eg + eg®ei, ^(eg) = 1, ^(eg) = 0. 

(16) AiSnCe?) = e? ® e?, A« |1 (eg) = eg ® eg, A^ |1 (eg) = e? ® eg + eg ® e? - eg ® eg, 
AJInCeJ) = e\ ® eg + eg ® e\, ^(eg) = 1, £^ |1 (eg) = 0. 

(17) Aj 3 ' |1 ( e °)=e?®e? ) A^eg) = eg ® eg, A^eg) = eg ® eg + eg ® eg, 
&ll\M) = e\ ® eg + eg ® e}, ^(eg) = 1, ^(eg) = 0. 

(18) Aii |1 (e;)=e?®e?, A^eg) = eg ® eg, A^^eg) = e° ® eg + eg ® eg, 
All|x(ei) = e\ ® eg + eg ® el, eg^eg) = 1, ^(eg) = 0. 

(19) AJS| 1 (eS)=eS®eS, A}g |1 (eg) = eg®eg, A^ |x ( e g) = e? ® e? - eg ® e? - e? ® eg + eg ® eg + 2eg ® 
eg + 2eg®eg + 2eg®eg-e?®eg-eg®e?, A%M) = el®eg+eg®ei, ^(eg) = 1, ^(eg) = 0. 
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(20) A^Ce?) = eg ® eg, A^M) = eg ® eg + e\ g el, Afg^eg) = eg ® eg - eg ® eg - eg ® eg + 
eg <g> eg + 2eg ® eg + 2eg ® eg + 2eg ® eg - eg ® eg - eg ® eg - el ® el, 

A»n(ei) = ej ® eg + eg ® e\, ef 3[ M) = 1, ^^(eg) = 0. 

(21) A?^(e?) = eg ® eg, A?^(eg) = eg ® eg, Ag^eg) = eg ® e? - eg eg - e? ® eg + eg ® eg + 
eg ® eg + eg ® eg, Ag^el) = el ® eg + eg ® el, e£n(eg) = 1, £&|i(e§) = 0. 

For the multiplication /z 14 | 1 , we have 

(1) Al 4|1 (eg) = eg®e?, Al 4|1 (eg) = eg ® eg + eg ® eg - eg ® eg, Al 4|1 (eg) = eg ® eg + eg ® eg - 
eg ® eg - eg ® eg, Aj 4|1 (e}) = eg ® el + el ® eg, e^^eg) = 0, ei 4 |i(eg) = 0. 

(2) A? 4|1 (eg) = e?®eg, A? 4|1 (eg) = eg ® eg + eg ® e? - eg ® eg + eg ® eg, A? 4|1 (eg) = eg ® eg + 
eg®e?-eg®eg-eg®eg + eg®eg, A? 4|1 (el) = eg ® el + el ® eg, e? 4|1 (eg)=0, e 2 14]1 (e 3 ) = 0. 

(3) Ag 4|1 (eg) = e?®eg, A? 4|1 (eg) = eg ® eg + eg ® e? - eg ® eg, A? 4|1 (eg) = eg ® eg + eg ® eg - 
eg ® eg - eg ® eg, A? 4|1 (el) = eg ® e\ + e\ ® eg - eg ® el, e? 4 | 1 (eg) = 0, e? 4 | 1 (eg) = 0. 

(4) Af 4|1 (eg) = eg®e?, A? 4|1 (eg) = eg ® eg + eg ® eg - eg ® eg, A? 4|1 (eg) = eg ® eg + eg ® eg - 
eg®eg-eg®eg + eg®eg, Aj 4|1 (ei) = e? ® e\ + e\ ® e? - eg ® el, e^ 4|1 (eg) =0, ej 4 | 1 (e§) = 0. 

(5) Af 4|1 (eg) = eg®eg, A? 4|1 (eg) = eg ® eg + eg ® eg - eg ® eg, Af 4jl (eg) = eg ® eg + eg ® eg - 
eg®eg-eg®eg, Af 4|1 (ei) = eg ® el + el ® eg - eg ® el - el ® eg, ^(eg) =0, e\ in {e%) = 0. 

(6) A? 4|1 (eg) = e?®eg, A° 4|1 (eg) = e?®eg + eg®e?-eg®eg, A? 4|1 (eg) = eg®eg + eg®eg-eg®eg- 
eg®eg+eg®eg, A? 4|1 (el) = eg®el+el®eg-eg®el-el®eg+el®eg, eg 4|1 (eg) =0, eg 4 , 1 (eg) = 0. 

(7) Al 4|1 (eg) =eg®eg, A[ 4|1 (eg) = eg ® eg + eg ® eg - eg ® eg, A[ 4|1 (eg) = eg ® eg + eg ® eg - 
eg ® eg - eg ® eg, Aj 4|1 (e}) = eg ® el + el ® eg - el ® eg, eL|i(e°) = 0, el 4 |i(ejj) = 0. 

(8) A? 4|1 (eg) =e?®eg, A? 4|1 (eg) = eg ® eg + eg ® eg - eg ® eg, A? 4|1 (eg) = eg ® eg + eg ® eg - 
eg ® eg - eg ® eg + eg ® eg, Af 4 | 1 (e}) = eg ® ej + e\ ® eg - el ® eg, e? 4 | 1 (eg) = 0, e? 4 |i (eg) = 0. 

(9) A? 4|1 (eg) =eg®eg, A? 4|1 (eg) = eg ® eg +eg ® eg - eg ® eg, Ag 4|1 (eg) = eg ® eg + eg ® eg - eg ® 
eg-eg®eg + eg®eg, A? 4|1 (el) = eg® el + e{ ® eg -eg® el -el ® eg, e? 4 | 1 (eg) = 0, e g 1A]1 (e° 3 ) = 0. 

For the multiplication /x 14 | 2 , we have 

(1) Al 4|2 (eg) = eg ® eg, Aj 4|2 (eg) = eg ® eg + eg ® eg - eg ® eg, Al 4|2 (eg) = eg ® eg + eg ® eg - 
eg ® eg - eg ® eg, Al 4|2 (el) = eg ® ej + e\ ® eg - e\ ® eg - eg ® el, e\ M2 {e° 2 ) = 0, el 4 , 2 (eg) = 0. 

(2) A? 4|2 (eg) = eg ® eg, A? 4|2 (eg) = eg ® eg + eg ® eg - eg ® eg, A? 4|2 (eg) = eg ® eg + eg ® eg - 
eg ® eg, A? 4|2 (el) = eg ® e\ + e\ ® eg - eg ® el - el ® eg, £? 4 | 2 (eg) = 0, e? 4 | 2 (eg) = 0. 

(3) Ag 4|2 (e?) = eg ® eg, A? 4|2 (eg) = eg ® eg + eg ® eg - eg ® eg, Ag 4|2 (eg) = eg ® eg + eg ® eg - 
eg ® eg, A? 4 | 2 (el) = eg ® e\ + e\ ® eg - eg ® el - el ® eg, eg 4 | 2 (eg) = 0, £? 4 , 2 (eg) = 0. 

(4) A^ 4|2 (eg) =eg®eg, A^ 4|2 (eg) = eg ® eg +eg ® eg - eg ® eg, A? 4|2 (eg) = eg ® eg + eg ® eg - eg ® 
eg-eg®eg + eg®eg, A\ M2 {e\) = e g®el+el®eg-el®eg-eg®el, ^(eg) = 0, £? 4 | 2 (eg) = 0. 



For the multiplication /^ 15 | l5 we have 
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(1) Ai B11 (e?) = e? ® e°, Ai 5|1 (eg) = e? ® eg + eg ® e? - eg ® eg, Aj 5(1 (eg) = e? ® eg + eg ® e° - 
e%® e° 2 -e° 2 ® eg, A^ 5|1 ( e }) = e? ® el + ej ® e?, el B |i(^) = °> e\i\i<£) = °- 

(2) A? 5|1 (e?) = e°®e°, A? 5|1 (e§) = e? ® eg + eg ® e? - eg ® eg, A? 5|1 (eg) = e? ® eg + eg ® e° - 
eg ® eg - el ® eg + eg ® eg, A? 5|1 (e}) = e? ® ej + ej ® e?, ^(eg) = 0, e? 5 | 1 (eg) = 0. 

(3) A? 5|1 (e?) = e? ® e?, A? 5|1 (eg) = e? ® eg + eg ® e? - eg ® eg, A? 5|1 (eg) = e? ® eg + eg ® e? - 
eg®eg-eg®eg, &\^{e\) = e? ® e\ +e\ ® e? - eg ® el - e\ ® eg, e? 5|1 (eg) =0, e? 5 |i(eg) = 0. 

(4) A* 5|1 (e?) = e?®e?, A? B|1 (eg) = e? ® eg + eg ® e? - eg ® eg, Af 5|1 (eg) = e? ® eg + eg ® e? - eg ® 
eg-eg®eg + eg®e§, A? B|1 (el) = e?® ej + e\ ® e? -el ® eg -e\ ® eg, eJ B|1 (<^) = 0, 4 5 |i(eg) = 0- 

(5) A« B|1 (e?) = e?®e?, A? 5|1 (eg) = e?®eg + eg®e?-eg®eg, A? 5|1 (eg) = e ?® e g+ e g® e °- e g® e g- 
eg®eg+eg®eg, A^^el) = e?®e;+el®e?-e;®eg-eg®e;+el®eg, 4>|i(e°) =0, 4s|i(e°) = 0. 

(6) Af B|1 (e?) = e°®e°, A« 5|1 (eg) = e?®eg + eg®e?-eg®eg, A« 5|1 (eg) = e?®eg + eg®e?-eg®eg- 
eg®eg+eg®eg, A? 5|1 (eJ) = e?®e;+ei®e?-e;®eg-eg®e;+eg®ei, e? 6|1 (eg) = 0, e? 5|1 (eg) =0. 

(7) A{ 5|1 (e?) = e? ® el, Aj 5|1 (eg) = e? ® eg + eg ® e? - eg ® eg, A{ 5|1 (eg) = e? ® eg + eg ® e? - 
eg® eg -eg® eg, A 7 15}1 (e\) = e? ® e\ + e\ ® e° - eg ® e\, ^ 5|1 (eg)=0, sl 5|1 (eg) = 0. 

(8) Af B|1 ( e ;) = e ?®e? ) A« 5|1 (eg) =e;®eg + eg®e?-eg®eg, A? 5|1 (eg) = e° ® eg + eg ® e° - 
eg®eg-eg®eg + eg®e§, A? 5|1 (eJ) = e? ® e\ + e\ ® e? - eg ® e\, e? 5 |i( e °) =°> ef 6|1 (eg) = 0. 

(9) A? 5|1 (e?) = e? ® e?, A? 5|1 (eg) = e\ ® eg + eg ® e? - eg ® eg, A? 5|1 (eg) = e? ® eg + eg ® e? - 
eg® eg -eg® eg, A? B|1 (el) = e? ® e\ + e\ ® e? - e\ ® eg, e? 5|1 (eg)=0, s? 5|1 (eg)=0. 

(10) Aig |1 (e?) = e? ® e?, A^teg) = e? ® eg + eg ® e? - eg ® eg, Ajg^eg) = e? ® eg + eg ® e? - 
eg ® eg - eg ® eg + eg ® eg, A^M) = e? ® ej + e} ® e? - ej ® eg, S {° 5}1 (eg) = 0, ^(eg) = 0. 

For the multiplication /x 15 | 2 , we have 

(1) Aj B|2 (e?) = e? ® e° x , A} 5|2 (eg) = e? ® eg + eg ® e? - eg ® eg, Al 5|2 (eg) = e° ® eg + eg ® e? - 
eg ® eg - eg ® eg, A} 5 | 2 (e}) = e? ® e\ + el ® e? - e\ ® eg - eg ® e\, eJ B | 2 (eg) = 0, ei 5 | 2 (eg) = 0. 

(2) A? 5|2 (e?)=e;®e;, A? 5|2 (eg) = e? ® eg + eg ® e? - eg ® eg, A? 5|2 (eg) = e? ® eg + eg ® e? - eg ® 
eg-eg®eg + eg®eg, A? B|2 (e}) = e?®el + ei ®e?-ei ®eg-eg®e}, e? 5 | 2 (eg) = 0, £? 5 , 2 (eg) = 0. 

(3) A? 5|2 (e?) = e? ® e° x , A? 5|2 (eg) = e? ® eg + eg ® e° - eg ® eg, A? 5|2 (eg) = e? ® eg + eg ® e? - 
eg ® eg, A? B|2 (el) = e? ® e\ + e\ ® e\ - e\ ® eg - eg ® e\, e? B | 2 (eg) = 0, e? 5 , 2 (eg) = 0. 

(4) Af B|2 (e?) = e? ® e?, Af 5|2 (eg) = e? ® eg + eg ® e? - eg ® eg, A^ 5|2 (eg) = e? ® eg + eg ® e? - 
eg ® eg, A* B|2 (ei) = e? ® e\ + e\ ® e° - eg ® e\, 4 |2 (eg) = 0, ^(eg) = 0. 

For the multiplication ju 1 7| 1 , we have 

(1) Aj 7|1 (e?) =e?®e ( 1 ) , Aj 7|1 (eg) = eg ® eg + eg ® eg + e\ ® e{, Aj 7|1 (eg) = eg ® eg + eg ® eg + 
e\® e\, Ai 7|1 (e}) = eg®e}+e}®eg + ei®eg + ei®eg, ej 7|1 (eg) = 1, e\ 7]1 (e%) = 0. 

(2) A? 7|1 (e?) = e?®e?, A? 7|1 (eg) = eg ® eg, A? 7|1 (eg) = eg ® eg + eg ® eg, A? 7|1 (eJ) = 
eg ® el + el ® eg, e^^eg) = 1, e^eSj) = 0. 
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(3) A? 7|1 (e°)=e?®e?, A? 7|1 (eg) = eg® eg, A? 7|1 (eg) = eg ® eg + eg ® eg + e\ ® e\, A? 7|1 (eJ) = 
eg ® ej + ® eg, e? 7!1 (eg) = 1, el 7]1 {e° 3 ) = 0. 

(4) A* 7|1 (eg) = eg®eg, A? 7|1 (eg) = eg ® eg + e} ® e\, A* 7|1 (eg) = eg ® eg + eg ® eg + e} ® ej - 
eg® eg, A? 7|1 (ei) = ei ®eg + eg®ei, ^(eg) = 1, 4 7|1 (e§)=0. 

(5) AS 7|1 (e?)= e ?» e ?, A? 7|1 (eg) = eg ® eg + eg ® eg, A« 7(1 (eg) = eg ® eg + eg ® eg, A? 7|1 (ei) = 
e\ ® eg + eg ® e\ + e\ ® eg + eg ® ej, e? 7 |i(eg) = 1, e? 7 |i(e°) = 0. 

(6) A« 7|1 (e?)=e?®e?, Ag 7|1 (eg) = eg ® eg, A? 7|1 (eg) = eg ® eg + eg ® eg + eg ® eg, A? 7|1 (ei) = 
e\ ® eg + eg ® e\ + eg ® e\, 4 ni (e° 2 ) = 1, e?7|i(^) = °- 

(7) A} 7|1 (e?) = e?®eg, A[ 7|1 (eg) = eg ® eg + eg ® eg - eg ® eg, A 7 17{1 (eg) = eg ® eg + eg ® eg - 
eg®eg-eg®eg, Al 7)1 (eJ) = e\ ® e? + e? ® e\ - e{ ® eg - eg ® e\, el 7 |i(eg) =0, e^^eg) = 0. 

(8) A* 7|1 (e?)=e?®e?, A* 7|1 (eg) =eg®eg + eg®e?-eg®eg, A* 7|1 (eg) = eg ® eg + eg ® eg - eg ® 
eg-eg®eg + ei®e;, A? 7 , 1 (ei) = e\ ® eg + eg® e\ -e\ ® eg -eg ® e\, e$n(eg) = 0, £? 7 n(eg) = 0. 



(9) A? 7|1 (eg) =eg®eg, A? 7|1 (eg) = eg ® eg +eg ® eg - eg ® eg + e\ ® e\, A? 7|1 (eg) = eg ® eg + eg ® 
e?-eg®eg-eg®eg + eg®eg + ei®e}, A^ei) = ei®e?+e?®e}-ei ®eg-eg®eL e? 7 |i(eg) = 
0, e? 7|1 (eg)=0. 

(10) Aj° 1 (e?)=e?®e?, Aj 7|1 (e§) = eg ® eg + eg ® eg - eg ® eg, Aig^eg) = eg ® eg + eg ® eg - eg ® 
eg-eg®eg + eg®eg, A^ |1 (el) = e;®eg + eg®e;-ei®eg-eg®ei+eg®ei + e;®eg, e^eg) = 
0, £ig |1 (eg)=0. 

(11) Ai 7|1 (e?)=e?®e?, Aj 7|1 (eg) = e?®eg + eg®e?-eg®eg, Aj 7|1 (eg) = e?®eg+eg®e?-eg®eg- 
eg®eg+eg®eg, A"(el) = el®e?+e?®el-ei®eg-eg®ei+eg®el, ei 7 n(eg) =0, ^(eg) = 0. 



A.2. Case dim A, = 2. 

For the multiplication /x 2 |3, we have 

(1) A 2|3 (eg)=eg®eg, A* |3 (eg) = eg ® eg + eg ® eg - eg ® eg, ^ 3 {e\) = e? ® el + e\ ® e? - eg ® 
e\, Aj| 3 (e£) = eg ® e\ + e 2 ® eg - eg ® e\ - e\ ® eg, s^ 3 (eg) = 0. 

(2) A| |8 (eS) =eg®eg, A^ |3 (eg) = e? ® eg + eg ® e? - eg ® eg, A* 3 (el) = eg ® e\ + e\ ® eg - eg ® 
e\ + el ® eg, A^^) = eg ® el + el ® eg - eg ® el - el ® eg, e| 3 (eg) = 0. 

(3) A^ |3 (eg) =eg®eg, A^ |3 (eg) = eg ® eg + eg ® eg - eg ® eg, Af |3 (e£) = eg ® e\ + e\ ® eg - e\ ® 
eg, A^ |3 (e^) = eg ® el + el ® eg - eg ® el - el ® eg, eg| 2 (eg) = 0. 

(4) A* 3 (eg) =e?®eg, A* |3 (eg) = eg ® eg + eg ® eg - eg ® eg, A* |3 (el) = e? ® e\ + e\ ® e? - e\ ® 
eg + eg ® e\, A| |3 (e^) = eg ® el + el ® eg - eg ® el - el ® eg, 4|s(eg) = 0. 

For the multiplication ^ 3 | 2 , we have 

(1) Aj |2 (eg) =eg®eg, Aj |2 (eg) = eg ® eg + eg ® eg - 2eg ® eg, A 3|2 (eJ ) = eg ® e\ +e\ ® eg -eg ® e\ - 
ei®eg+e 2 ®eg-eg®eL Al 2 (el) = eg®e 2 +e^®eg-eg®e^-e 2 ®eg+ei®eg-eg®ei, e\\ 2 (e%) = 0. 
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(2) A| 2 (e?) = e?®e?, A^^eg) = eg®eg + eg®eg-2eg®eg, A^ 2 (e\) = el®e\+e\®el-e 2 ®e\- 
el®eg+e 2 ®eg+eg®e 2 , A^ 2 (e 2 ) = e?®e 2 +e 2 ®eg-eg®e2-e 2 ®e°+ei®e 2 +eg<g>eL £% 2 {e 2 ) = 0. 

(3) Ag| 3 (eS) = eg ® eg, Al |2 (e§) = eg ® eg + eg ® eg - eg ® e° 2 , A|| 2 (eJ) = eg ej + e\ ® eg + e 2 ® 
eg - eg ® el, A^ |2 (e 2 ) = e^ ® e? + e? ® e\ - eg ® e\ - e\ ® e° 2 , el^el) = 0. 

(4) A* 2 (e?) = e? ® eg, A£ |a (e§) = e? ® eg + eg ® e? - eg eg, A* |2 (eJ) = e? ® e\ + e\ ® e? - e° 2 ® 
ej, A^ |2 (e 2 ) = e 2 ® eg + e? ® e 2 - eg ® e\ - e\ ® eg, ef| 2 (eg) = 0. 

(5) A| |2 (e?) = eg ® e?, A^ |2 (eg) = e? ® eg + eg ® e? - eg e° 2 , A|| 2 (ei) = eg ® ej + ei ® eg + e 2 ® 
eg + eg ei A^ |2 (e 2 ) = e 2 ® eg + e? ® e\ - e° 2 e 2 - e 2 ® eg, e|, 2 (eg) = 0. 

(6) A« |2 (e?) = e?®eg, A« |2 (eg) = eg ® eg + eg®e ( 1 ) -eg ®eg, A« |2 (e}) = e?®ei+e;®eg, A° |2 (eJ) = 
e 2 ® eg + eg ® e 2 - eg ® e\ - e\ ® eg, 4, 2 (e§) = 0. 

(7) A? 2 (eg) = eg ® eg, A^ |2 (eg) = eg ® eg + eg ® eg - eg ® eg, A£ |2 (eJ) = eg ® e\ + e\ ® eg + eg ® 
e 2 - e\ ® eg, A^ |2 (e 2 ) = e 2 ® eg + eg ® e 2 - eg ® e 2 - e 2 ® eg, 4| 2 (e°) = 0. 

(8) A* |2 (eg) = eg®eg, A* |2 (eg) = eg ® eg + eg ® eg - eg ® eg, A| |2 (e}) = eg ® e\ + e\ ® eg - e\ ® 
eg, Af| 2 (ei) = e 2 ® eg + eg ® e\ - eg ® e\ - e\ ® eg, 4 2 (eg) = 0. 

(9) A» |2 (eg) = eg ® eg, A9 |2 (eg) = eg ® eg + eg ® eg - eg ® eg, A« |2 (eJ) = eg ® e\ + e\ ® eg - e\ ® 
eg - eg ® e{, A^ |2 (e 2 ) = e\ ® eg + eg ® e\ - eg ® e 2 - e 2 ® eg, e§, 2 (eg) = 0. 



For the multiplication ^ 6 |2, we have 

'^ Al 2 (e?)=e?® e ;, Ai |2 (eg) = eg®eg, Aj, a (ei) = e} ® eg + eg ® ej, 
2 (e 2 ) = e 2 ® eg + eg ® ej, 4, 2 (e§) = 1. 

2 (eg) = eg ® eg, A^ |2 (eg) = eg ® eg, A^ 2 (e\) = e} ® eg + eg ® el, 
2 (e 2 ) = e 2 ® eg + eg ® eh, ejj| 2 (eg) = 1. 

2 (eg) = eg ® eg, Ag |2 (eg) = eg ® eg, A|, a (ei) = e\ ® eg + eg ® e\, 
2 (eh) = eh ® eg + eg ® eh, ei )2 (e§) = 1. 

2 (eg) = eg ® eg, A^ |2 (eg) = eg ® eg, A* |2 (ei) = ej ® eg + eg ® e\, 
2 (e 2 ) =e 2 ®eg + eg®e 2 , 4 |2 (eg) = 1. 

2 (eg) = eg ® eg, A| |2 (eg) = eg ® eg, A| |2 (eJ) = ei ® eg + eg ® e\, 
2 (e 2 ) = e\ ® eg + eg ® e 2 , e| |2 (eg) = 1. 

2 (eg) = eg ® eg, A« |2 (eg) = eg ® eg, A« 2 (e}) = e\ ® eg + eg ® e\, 
2 (el) =e 2 ®e? + e?®e 2 , eg| a (eg) = 1. 

2 (eg) = eg ® eg, A^ |2 (eg) = eg ® eg, A 6 7 |2 (e}) = e\ ® eg + eg ® e\, 
2 (el) = el ® eg + eg ® ej, 4| 2 (eg) = 1. 

2 (eg) = eg®eg, A» |2 (eg) = eg®eg, A* |2 (e}) = el®eg+ieg®ei+i e ?®el+ie?®e 2 -ieg®e£, 
2 {el) = el ® eg + |e? ® e 2 + eg ® ej - eg ® e\, e^ 2 (eg) = 1. 
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(9) A« 2 (e?) = eg ® eg, A 9 6l2 (e° 2 ) = eg ® eg, A^ |2 (e}) = e? ® ej + ej ® e° 2 , 
A 9 6}2 (el) = eg ® e 2 + el ® eg, ^, 2 (eg) = 1. 

(10) A^ 2 (eg) = eg ® eg, A^eg) = eg ® eg, A^e}) = e} ® eg + eg ® ej, 
A6| 2 (e2) = e? ® e 2 + e 2 ® eg + eg ® e\ - eg ® ei, ejf a (e§) = 1. 

(11) Ajf a (eS) = eS®eS, Ajf a (e§) = eg ® eg, Ajf a (<^) = e} ® eg + eg ® ei + e 2 ® eg + eg ® e\ - eg ® 
4 ~ 4 ® eg, A^ a (ei) = eg ® e^ + e^ ® eg, 4f 2 (eg) = 1. 



For the multiplication ^n|2, we have 
An, 2 (e?) =eg®eg, Aj 1|2 (eg) = eg ® + eg ® eg - 2eg ® eg, Aj 1|2 (eJ) = eg ® e\ + ej ® eg - e\ ® eg - 
eg®ei + e^®eg + eg®e^, Aj 1 , 2 (eJ) = eg®e 2 ; + e^®eg + ei®eg + eg®ei-eg®e 2 ;-e 2 ;®eg, £n, 2 (eg) = 0. 



For the multiplication ^V2\2i we have 
A i L 2|2( e ?) = eg ® eg, A^ 2|2 (eg) = eg ® eg + eg ® eg + e\ ® e\ - e\ ® ei, Ai 2|2 (ei) = eg ® e\ + eg ® ei, 
Al 2 , 2 (e^) = eg ® e^ + e\ ® eg, e} 2 | 2 (eg) = 0. 



For the multiplication /ii4|3, we have 

(1) Ai 4|3 (e?)=eg®eg, Aj 4|3 (eg) = eg ® eg + eg 
,(ei) = eg®ei + ei®eg, Aj 4 | 3 (ei) = eg 



(2) A 



eg. 



(3) Ag 4 



A 3 

^14 



(4) A 



4 
14 

eg, 



(5) Ag 4 



A 5 

^14 



(6) Ag 4 



A 6 

^14 



(7) A 



-eg 



eg 



) e 2 + el i 



,(eS) = e? - 



s (eg) = eg® eg + eg 



>e? 



eg 



•eg, 



»eg, 



eg ® e 2 - el< 



eg, eU 3 (e° 2 ) 



,(ei) = e?®ei + ei®eg+e 2 '®e 2 + e 2 ®e 2 ) , A? 4 | 3 (e£) = eg ® e^ + e^ ® eg - eg ® el ■ 
?4| 3 (eg)=0. 



■eh 



(eg) 
(ei) 



eg< 
eg< 



-g, A 3 



eg 



14|S(C§) = 

i+ei®eg,Ag 4 , 3 (e 2 ) 



eg + eg 



-eg 



eg 



' eg + e^ 



eg 



e 2 + e 2 



■eg 



eg 



s(e?)=e?® 
3 (ei) = eg® 
4| 3 (eg)=0 



& At 4|3 (eg)= eg® eg + eg 



>e? 



eg 



' eg + el 



3ei 
e 2 - 



>e 2 , 



e 2 



-eg, 



-14|3 



(eg) = 0. 



e\ + e\i 



> eg + eg ® el + el ® eg, A* 4 | 3 (e^) = eg ® el + e\< 



■ e 2 ® e 2 



e 2 . 



(eg) 
(ei) 



eg- 



i eg, A? 4|3 (eg)= eg® eg + eg 



■eg 



eg 



•eg, 



e?®ei+ei®e?-eg®ei, A? 4 , 3 



(eg) = eg , 
(ei)=e?( 
eg, £ ? 4 | 3 (eg) = 



i eg, Ag 4|3 (eg) = eg® eg + eg® eg -eg 



i e\ + ei i 



>e? 



eg< 



(e 2 ) = eg®e 2 ; + e 2 ;®eg-eg®e 2 ^-e 2 ;®eg, eg 4 , 3 (eg) = 0. 

® eg -eg® eg, 
eg,Ag 4|3 (e^) =eg®e^ + e^® 



eg< 



'el 



e 2 . 



■eg + eg 



-eg 



eg 



-eg, 



(eg) 

(e\) = e?®ei+ei®e?-ej®eg, Al 4 | 3 (e 2 ) = e?®e 2 +e 2 ®e?-eg®e 2 -ej®eg, e\ M3 (e$) = 0. 



eg® eg, AL, 3 (eg)=eg 



For the multiplication /x 15 | 3 , we have 

(1) Ai 5|3 (eg) = eg ® eg, Ai 5|3 (eg) = eg ® eg + eg ® eg - eg ® eg, Ai 6|3 (ei) = eg ® e\ + e\ 
eg, Ai 5|3 (e^) = eg ® el + el ® eg - el ® eg - eg ® e\, ei 5 | 3 (eg) = 0. 
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(2) A? 5|3 (e?) = eg ® eg, A? 5|3 (eg) = eg ® eg + eg ® eg - eg ® eg, A? 5|3 (ei) = e? ® ej + ej ® eg + 
e\ ® eg + eg ® ei Ai 5|3 (e 2 ) = eg ® e 2 + e 2 ® eg - eg ® e 2 - e 2 ® eg, £? 5 |3( e °) = 0. 

(3) A? B | 3 (eS) = e? ® e?, A? 5|3 (eg) =e;®e» + ^e?- e »« e » + e ^ e\, 

A? B | 3 (ei) = e? ® e} + ej ® e?, Ag 5|3 (e^) = eg ® e^ + e\ ® eg - eg ® e\ - e\ ® eg, e? 5 | 3 (eg) = 0. 

(4) Af 5|3 (e?) = eg ® e?, A? 5|3 (eg) = e? ® eg + eg ® eg - eg ® eg + 4 ® ej, A* 6|3 (el) = e? ® e} + 
e\ ® eg + e^ ® eg + eg ® e\, A* 5 | 3 (e3,) = eg ® e\ + e\ ® eg - eg ® e^ - e\ ® eg, 4>| 3 (eg) = 0. 

(5) Af B|3 (eg) = eg ® e?, A? 5|3 (eg) = eg ® eg + eg ® e? - eg ® eg, A? B|3 ( e }) = eg ® e\ + e\ ® eg - 
eg ® e\, A? 5 | 3 (e£) = eg ® e^ + e^ ® eg - eg ® el - el ® eg, e? B | 3 (eg) = 0. 

(6) Ag B|3 (e?) = e? ® eg, Ag 5|3 (eg) = eg ® eg + eg ® eg - eg ® eg, Ag B|3 (ei) = eg ® e\ + e\ ® eg - 
eg ® e\ - e\ ® eg, Ag 5|3 (e^) = eg ® el + el ® eg - el ® eg - eg ® el, eg 5 | 3 (eg) = 0. 

(7) Al 5|3 (eg) = eg ® eg, Aj 5|3 (eg) = eg ® eg + eg ® eg - eg ® eg, A? B|3 (eJ) = eg ® e\ + e\ ® eg - 
el ® eg, A 7 lsl3 (el) = eg ® el + el ® eg - el ® eg - eg ® el, e 7 15}3 (e° 2 ) = 0. 

For the multiplication fj-n\2, we have 

(1) A| 7|2 (eg) = eg ® eg, Aj 7|2 (eg) = eg ® eg + eg ® eg - eg ® eg, Aj 7|2 (ei) = eg ® e\ + e\ ® eg - 
el ® eg - eg ® e\, Aj 7|2 (e^) = eg ® el + el ® eg - el ® eg - eg ® el, el 5 | 3 (eg) = 0. 

(2) A? 7|2 (e?) = eg ® eg, A? 7|2 (eg) = eg ® eg, A? 7|2 (ei) = eg ® e\ + el ® eg, 
A? 7 | 2 (e2) = eg ® el + el ® eg, e[ 5 | 3 (eg) = 1. 
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